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Chapter 1

International Trade

1.1 Introduction

International trade theory addresses the question why in the long-run countries

engage in the exchange of goods and services. Depending on the answer, models of

trade can be classified into three major categories: (i) Ricardian models, (ii) Hecksher-

Ohlin models, and (iii) Monopolistic competition models.

The first two categories are referred to as the traditional trade theory. In these

models, countries trade because there are intrinsically different, and by the logic

of Ricardian comparative advantage, trade allows them to take advantage of these

differences. In particular, in the Ricardian models the technologies to produce each

good differ, and in the Hecksher-Ohlin models, the factor endowments differ. Both

features result in a situation of comparative advantage, and lead to a partial or a

complete specialization.

The monopolistic competition models, referred to as the new trade theory, depart

from this traditional approach in at least two important respects. First, in the new

trade theory countries are no longer intrinsically different (ex-ante), but still trade

and specialize (ex-post). The key idea is that trade and specialization allows them

1
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to access a larger variety of goods, while at the same time exploit economies of scale

present in producing them.

The second important difference is the modeling methodology. In contrast to the

traditional trade theory, the new trade theory is a strictly positive theory1. Namely, it

attempts to directly describe and mirror the exact market and institutional structure

that we see in the data, and is silent about the deep-rooted frictions that could give

rise to this structure endogenously. The weakness of such approach is the need for a

more extensive data-based justification of its more complex structure, but its strength

is a more natural mapping between the theory and the data. In trade theory, it has

paid off by allowing researchers to extend trade facts to producer-level facts, and

as Samuel Kortum puts it, “by building on the firm-level stylized facts, the resulting

aggregate theory is likely to be more credible both as a description of reality and as a

tool for policy analysis.”

We should also mention that initially the new trade theory was a theoretical re-

sponse to the empirical observation that most trade takes place between very similar

countries (industrial countries), and most importantly, the observation that these

countries tend to trade very similar categories of manufactured goods (called intra-

industry trade). Popular at the time Hecksher-Ohlin models could not sensibly deal

with observation. In this respect, monopolistic competition models still have an edge

over other theories. Even though Ricardian models can sensibly deal with intra-

industry trade, they are silent about the source of the underlying technology differ-

ences that lead to this phenomenon. In the future, the ongoing integration of the

Ricardian theory with the theory of innovation and growth is likely to fill this gap.

1.2 Patterns of Trade in the Aggregate Data

[to be completed]

1Positive theory directly characterizes what is. Normative theory focuses on what ought to be.
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1.3 Armington Model

Armington model is a Ricardian model.2 Each country in the Armington model

is assumed to be efficient in producing just one good, and infinitely inefficient in

producing all the other. This assumption makes the comparative advantage structure

somewhat trivial, but the model becomes very tractable.

In this section, we will study the predictions of a basic multicountry Armington

model, and apply them to understand trade flows between countries.

Model Economy

There are N countries (or regions) and N goods in the world. Each country has

the technology to produce only one good from the set 1, .., N, and can not produce

all the other goods by assumption. Production factors are assumed immobile across

countries, and all markets are competitive. In terms of notation, we assume that

country n produces good n.

Geography is modeled here by an iceberg transportation cost that is intended to

capture the notion of trade barriers between countries (regions). Iceberg transporta-

tion cost dni between country n and i implies that dni units of good must be shipped

from country n in order for one unit to arrive in country i. In what follows, the

following properties of the iceberg cost will be assumed: (i) symmetry dni = din ≥ 1,

(ii) no cost within the country dii = 1, (iii) triangle inequality

dni ≤ dnj + dji all i, j, n = 1..N.

2Since this model is the baseline framework adopted in the open economy macro, it is particularly
important to know how it fits into the broadly defined trade theory.
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Households

In each country n = 1, ..., N , there is a stand-in household that has preferences

described by a CES aggregator given by

Un = (
∑
i=1..N

α
1
σ
i c

σ−1
σ

ni )
σ
σ−1 , (1.1)

where σ is the elasticity of substitution between the goods (σ > 1), and αi is the

weight of each good (
∑

i αi = 1). Each household is assumed to inelastically supply

its endowment of Ln units of labor.

Given market wage wi, and a schedule of prices pni for each good, the problem of

the household (in country n) is to maximize (1.1) subject to the budget constraint

given by ∑
i=1...N

pnicni = wnLn + Πn, (1.2)

where Πn are the profits paid out by the local firms (in equilibrium Πn will be zero).

Firms

In each country, there is a stand-in competitive firm that takes all prices as given.

The firm employs labor supplied by the home households, produces goods, and sells

these goods both at home and abroad. Production technology is assumed to be

subject to constant returns to scale.

The profit function of a stand-in firm from country i is given by

Πi =
∑
i=1..N

pniyni − wili, (1.3)

where yni is the amount of good i sold in each country n (sold there at price pni),

and li is labor input. The firm’s objective is to maximize (1.3) subject to production



CHAPTER 1. INTERNATIONAL TRADE 5

constraint ∑
i=1..N

dniyni ≤ li, (1.4)

where the left-hand-side denotes the total quantity produced, and the right hand side

is the production function.

Market Clearing and Feasibility

Market clearing requires that the supply of each good equals the demand for each

good,

cni = yni, all n, i. (1.5)

and the supply of labor equals to the demand for labor,

Ln = ln, all n. (1.6)

Equilibrium

The definition of equilibrium is as follows.

Definition 1 Competitive equilibrium in this economy is:

• prices wn, pni,

• and allocation cni, yni, ln,

such that

• given prices, cni solves the household’s problem,

• given prices, yni, ln, solve the firm’s problem,

• and all markets clear.

Proposition 2 The competitive equilibrium allocation exists and is unique.
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Proof. Competitive equilibrium allocation, if exists, must be Pareto efficient by 1st

Welfare Theorem, and so the allocation must solve the planning problem given by

maximization of (1.1) subject to (1.4), (1.5) and (1.6). Since this planning problem

involves a maximization of a continuous and concave objective function subject to a

convex and compact constraint set, the solution to the planning problem is unique.

Thus, by 2nd Welfare Theorem, the competitive equilibrium exists and is unique.

Exercise 3 Show that in equilibrium the following version of the law of one price

must hold:

pni = dnipii, all n, i = 1, ..., N.

Predictions for Trade

In its general formulation, the Armington model can not be solved analytically,

and so we have to resort to a partial characterization of the equilibrium. The propo-

sition below derives the model’s key predictions the patterns of trade and how they

depend on geography. We will refer to this prediction as the gravity equation.3 In

general, the gravity equation is an equation characterizing how trade shares (expen-

diture shares of one country on some other country’s goods) are related to income

levels, and various measures capturing trade costs.

Proposition 4 In the Armington model, the share of expenditures of country n on

goods imported from country i in total expenditures of country n is given by the fol-

3In applied and atheoretical contexts, a similar equation has been extensively used link trade to
income, distance and other characteristics of countries. It proved to be successful in capturing the
actual patterns of trade. Here, we will look at these results in light of the predictions of the model.
The simplest empirical gravity equation regresses the volume of trade between bilateral pairs of
countries (regions) on their bilateral distance, income, and various dummy variable (common border,
language, etc...). It works really well in terms of fitting the data. However, since such simple gravity
equation is different from the one derived from our model — and in principle we would like to use
it to perform counterfactual experiments, the first order task is to understand the theory behind it
first.
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lowing equation:

Xni

Xn

=
Xi∑
nXn

(
dni
PiPn

)1−σ, (1.7)

where Xni = pnicni are expenditures of country n on goods from country i, Xn =∑
iXni are total expenditures of country i on all goods (equal to country n′s income

wnLn), and Pi = (
∑

i p
1−σ
ni )

1
1−σ is the ideal CPI price index (price level weighted by

the actual consumption share of each good).

Proof. Note that the household’s problem can be summarized by the following

Lagrangian:

Ln = (
∑
i=1..N

α
1
σ
i c

σ−1
σ

ni )
σ
σ−1 − 1

Pn

( ∑
i=1..N

pnicni − wn

)
, (1.8)

where by definition of the Lagrange multiplier, 1
Pn

is the shadow value of one unit of

income in terms of the composite consumption Un, and Pn is the shadow price of a

unit of composite consumption Un. Using the order conditions to this problem,

∂Ln
∂cni

= U
1
σ
n α

1
σ
i c
−1
σ
ni −

pni
Pn

= 0, all i (1.9)

It is easy to link this multiplier to prices:

P σ−1
n αip

1−σ
ni = U

1−σ
σ

n α
1
σ
i c

σ−1
σ

ni

P σ−1
n

∑
i

αip
1−σ
ni = U

1−σ
σ

n

∑
i

α
1
σ
i c

σ−1
σ

ni

P σ−1
n

∑
i

αip
1−σ
ni = (

∑
i

α
1
σ
i c

σ−1
σ

ni )−1
∑
i

α
1
σ
i c

σ−1
σ

ni ,

Pn = (
∑
i

αip
1−σ
ni )

1
1−σ . (1.10)

We refer to it as an ideal price index.
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Next, from the first order conditions

pni
Pn

= U
1
σ
n α

1
σ
i c
−1
σ
ni ,

pnj
Pn

= U
1
σ
n α

1
σ
j c
−1
σ
nj ,

and the definition of expenditures Xni ≡ pnicni, we derive

Xnj

Xni

=
αj
αi

(
pnj
pni

)1−σ.

Summing up the above expression wrt j, we obtain:4

Xni

Xn

= αi(
pni
Pn

)1−σ. (1.11)

Multiplying both sides of equation (1.11) by Xn, and summing up wrt n, we use the

law of one price

pni = dnipii, (1.12)

and the balanced trade condition (implied by (1.2))

Xi = Yi =
∑
n

Xni, (1.13)

to obtain

αip
1−σ
ii =

Xi∑
n(dni

Pn
)1−σXn

. (1.14)

4The demand for each good i in country n is given by

cni = αi

(
pni
Pn

)−σ (
Xn

Pn

)
.
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The above equation links prices (1.11) to aggregate variables. We use it to sub-

stitute for prices in (1.11) (after using (1.12)), and derive:

Xni = αip
1−σ
ii (

dni
Pn

)1−σXn =
XnXi∑

n(dni
Pn

)1−σXn

(
dni
Pn

)1−σ

. (1.15)

In addition, in the special case when the iceberg transportation cost (dni = din)

is symmetric, we can show that

∑
n

(
dni
Pn

)1−σXn = P 1−σ
n

∑
i

Xi, (1.16)

and instead of (1.15) obtain an even simpler expression (cumbersome to derive):

Xni =
XnXi∑
nXn

(
dni
PiPn

)1−σ

.

Exercise 5 Consider the following expenditure minimization problem:

E(U) = min
(ci)1..N≥0

N∑
i=1

pici

subject to

N∑
i=1

(α
1
σ
i c

σ−1
σ

i )
σ
σ−1 = U,

ci ≥ 0, all i = 1..N,

where p′is denote prices, E(U) are total expenditures (given U), α′is are the preference

weights, σ is the elasticity of substitution, and U is the ‘composite good’ consumption

level (or simply utility). Assume that p′is, α
′
is, σ and U are all strictly positive.

a. Show that E(U) is homogenous of degree 1 (E(µU) = µE(U), all µ > 0), and thus
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takes the form P × U where P = E(1).

b. Prove the Envelope Theorem in the context of the problem stated in (a), i.e. show

that E ′(U) = λ, where λ is the Lagrange multiplier on the constraint in (a). Then,

use the conclusion from point (a) to say E ′(U) = P, and thus by Envelope Theorem

to say λ = P. Using it, solve for E(1), which together with (a) shows

E(U) = (
N∑
i=1

αip
1−σ
i )

1
1−σU.

(This is an alternative way of deriving the price index to the one we did in the proof

of the proposition above.)

c. Show that the expenditures minimization problem with E(U) =Income, is equivalent

the underlying utility maximization problem given by:

U = max
ci≥0

(
∑
i=1..N

α
1
σ
i c

σ−1
σ

i )
σ
σ−1 ,

subject to ∑
i=1...N

pici = Income.

Exercise 6 Suppose that the preferences of the household are instead described by:

Un = (CNT )γ(
∑
i=1..N

α
1
σ
i c

σ−1
σ

ni )
(1−γ)σ
σ−1 ,

where CNT is the consumption of the local non-tradable good (services). Assume

that production technology of the non-tradable good is linear and assume that labor

is perfectly mobile across the two sectors. In the extended model, derive the gravity

equation by modifying each step in the above proof accordingly. HINT: Use the fact

that this is a Cobb-Douglas aggregator, and so it implies that non-tradable goods have

a constant share in the overall consumer expenditures. You should get exactly the

same gravity equation with total expenditures replaced by total expenditures on all
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tradable goods.

The existence of the first few terms in equation (1.7) should be intuitive. In

fact, we should expect the share of expenditures on good i in total expenditures of

country n are positively related to the size of country i (measured by income or labor

endowment), and negatively related to the bilateral trade barrier dni between them—

with the strength of the latter effect depending on the elasticity of substitution σ.

However, there are more terms in the gravity equation. Trade flows turns out to

additionally depend on the endogenous product of price indices of the two countries

PnPi — a term referred to by Anderson and Wincoop as ‘gravitas’. Our next task is

to link this term to the primitives in the model.

Gravity with Gravitas

Let’s first take a look at the formula for the price level in country n,

Pn = (
∑
i=1..N

αi(dnipii)
1−σ)

1
1−σ .

and think what makes a country price level high. Since all countries face the same

pii’s, we observe that high P can arise as consequence of: (i) high overall level of

dni’s, and/or (ii) high positive correlation of dni’s with pii’s. Thus, if we think of the

iceberg cost dni’s in terms of distance between countries in some space, (i) means that

a country is distant from all other countries, and (ii) means that a country is distant

from the countries that are least distant from the rest of the world5. Clearly, both (i)

and (ii) are an indication of isolation.

Figure 1.1 illustrates an example of such situation, which will naturally arise when

we are dealing with regions of a large country and regions of a small country. An

5Because the price pii is high, the good produced by the country must be in high demand. This
happens when the country is close to all the other countries (rest of the world).
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 Regions of 
CA 

Regions of US 

P-high 

P-low 

National border 

Figure 1.1: An example of isolated small country, and implications for aggregate price
level.

obvious example would the case of the states of the US (large country), and the

provinces of Canada (small country).

Upon closer inspection of equation (1.7), we note the following:

• Observation 1: The multilateral resistance term ( 1
PiPn

) in the gravity equation

makes the small country (two isolated dots in Figure 1) to trade relatively more

with each other.

• Observation 2: The multilateral resistance term makes the large country (dots

that are not isolated in Figure 1) to trade relatively more with the small country.

Formally, we can derive the above two observations as follows. For the sake of

argument, let’s simply denote the two isolated regions provinces of Canada, and rest

of the regions the states of the US (d stands for the cost of crossing the national

border), and set the following notation for their underlying price levels: PCA = high,
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PUS = low. Simplifying also the notation for iceberg transportations, dCA,US = d > 0,

dCA,CA = dUS,US = 1, we obtain from gravity equation:

XCA,US

XCA,CA

=

XCA,US
XCA

XCA,CA
XCA

=
XUS

(
d

high×low

)1−σ

XCA

(
1

high×high

)1−σ =
XUS

XCA

d1−σ(
low

high
)σ−1,

XUS,CA

XUS,US

=

XUS,CA
XUS

XUS,US
XUS

=
XCA

(
d

high×low

)1−σ

XUS

(
1

low×low

)1−σ =
XCA

XUS

d1−σ(
high

low
)σ−1.

As we can see, the additional endogenous term ( low
high

)σ−1 does make
XCA,US
XCA,CA

higher

and it does make
XUS,CA
XUS,US

lower as claimed above.

The Economics Behind Gravitas As we explain below, in the context of the

example illustrated in Figure 1.1, the key feature that the asymmetric size between

the small country and the large country is that the demand for imported goods is

more elastic in the large country than in the small country, and that the supply of

foreign goods is more elastic in the small country than in the large country.

To see this conclusion, simply note that the households from the larger country can

more effectively shift their expenditures from the foreign goods towards the domestic

goods. For instance, in the context of the example considered above (Figure 1),

when the US consumers cut spending on each Canadian good by $1, they must shift

only $2 of spending on 12 home goods. However, when the Canadian consumers cut

spending by $1 on each US good, they must shift as much as $12 on only 2 Canadian

goods. Now, because the marginal utility from consumption of each good declines,

the immediate consequence of this property is a more elastic demand for Canadian

goods in the US than the demand for American goods in Canada.6 (The opposite

conclusion applies to the supply side because the US producers face a much smaller

6In simple words, when all Canadian goods become more expensive in the US, the US households
can shift to a wide variety of home goods, but if all American goods become more expensive in
Canada, Canadians have to take the hit.
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Figure 1.2: Canadian Producers and Consumers Pay the Iceberg Cost.

decline in the price as move their sales from Canada (i.e. one unit from each province)

to US than the Canadian producers face as they move their sales from the states (i.e.

one unit from each state) to Canada.)

Exercise 7 To formalize the above argument, solve for the demand from the following

problem:

max(q
σ−1
σ

A +Nq
σ−1
σ

B )
σ
σ−1

subject to

pAqA +NpBqB = I.

Specifically, derive the demand for good B, and show that for large N the price index

will be affected by the price pB – implying a lower measured price elasticity of demand.

HINT: Derive an equation analogous to (1.11). Calculate the price index when N is

infinite.

Given the described above implication of relative size on elasticities, it should
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not surprise that an increase in the iceberg transportation cost d might have a very

different effect on the two countries. These elasticities determine who bears the

burden of this cost. As illustrated in Figure 1.2, in this case these are the consumers

and producers of the small isolated country who will pay for it. Thus, isolation implies

that the terms of trade (price of imports in terms of exports) of the small country

worsens relative to the large country, and the worsened terms of trade makes the

small country shift relatively more spending towards the home goods than the large

country. This is the economic intuition why the two endogenous terms that appear

in the theoretical gravity equation convey, and it is a beautiful example how general

equilibrium considerations sometimes matter.

To formalized the above idea, let’s push the previously used argument to the limit

and make US arbitrarily large relative to Canada (the inelastic demand and supply

lines become vertical). In such case, assuming each region of the same size normalized

to 1 (Li = Lj = 1), as number of regions in the large country goes to infinity, we have

pCA,CA
pUS,US

=
PCA
PUS

= d,

and thus

XCA,US

XCA,CA

=
XUS

XCA

d1−σ(
PUS
PCA

)σ−1 =
pUS,US
pCA,CA

d1−σ(
PUS
PCA

)σ−1 = d−1d1−σd1−σ = d1−2σ,

XUS,CA

XUS,US

=

XUS,CA
XUS

XUS,US
XUS

=
XCA

(
d

high×low

)1−σ

XUS

(
1

low×low

)1−σ = dd1−σdσ−1 = d.

If, however, we did not have the ‘gravitas’, we would have obtained instead:

XCA,US

XCA,CA

=
XUS

XCA

d1−σ =
pUS,US
pCA,CA

d1−σ = d−1d1−σ = d−σ,

XUS,CA

XUS,US

=

XUS,CA
XUS

XUS,US
XUS

=
XCA

(
d

high×low

)1−σ

XUS

(
1

low×low

)1−σ = dd1−σ = d2−σ.
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Does the Model Fit the Data?

The simplest test of the model is to look at the predicted asymmetric effect of

trade costs on trade between a small country like Canada and a large country like US

(that are somewhat isolated from the rest of the world). In such case, the Armington

model predicts that if crossing the national border involves a cost (tariff and non-tariff

barriers), then the impact of this cost should be asymmetric. In particular, such cost

should drastically reduce trade of each Canadian province with the US, but should

not reduce as much the trade of each US state with the Canadian provinces. By

running 2 simple regressions, we can check if this is the case.

The empirical specification that we are going to adopt will simply assume that

the iceberg cost of transportation is a function of distance and the national border.

We will do the same for gravitas. Formally, we are going to have: dni = exp(τbni)δ
ρ
ni,

PnPi = exp(vbni), where bni a border dummy (1 if there is national borders between

regions n and i, 0 otherwise), and δni is the distance between n and i, τ is border

cost affecting bilateral trade barrier, and v is the border effect operating through the

multilateral resistance term.

Given the specification of the iceberg cost and gravitas, plugging into (1.7), we

thus need to estimate the following equation:

logXni = κ+ A logXn +B logXi + C log δni +Dbni,

where C = ρ(1− σ) and D = (1− σ)(τ + v).

The equation takes into account the multilateral resistance term PiPn in the form

of a border dummy. Based on our previous analysis, we should expect this term to

capture well the notion of isolation when regressed from the US side and the Canadian

side separately. In particular, based on our discussion, we should expect to find that

D is much higher when we run the regression from the Canadian side (CA-CA and
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Table 1.1: Comparing CA-US and US-CA gravity equations.

Parameter Regression from CA side Regression from US side
κ 2.80 (.12) .41 (.05)
A 1.22 (.04) 1.13 (.03)
B .98 (.03) .98 (.02)
C -1.38 (.07) -1.08 (.04)
D -16.4 (2.0) -1.5 (.08)
R2 .76 .85

CA-US observations), than when we run it from the US side (US-US and US-CA

observations). The results are as follows (Replicated Table 1 from Anderson and

Wincoop, 2003):

Exercise 8 Go to Anderson’s website. Download the zip file with the dataset sup-

porting the paper. Replicate the above regressions using this dataset.

As we can see, the estimated values do exhibit strong asymmetry. In fact, D is

by far more negative in the regression from the Canadian side than in the regression

from the US side. Each Canadian province, controlling for income and distance,

trades 1600% more with another Canadian province than with a US state. Given

such huge asymmetry in the regression, our next question should be whether the

model is quantitatively capable of generating it.

Exercise 9 (Numerical experiment with the model) Consider the Armington model

with the following parameter setting: N = 100, α = 1/N, σ = 11, Li = Lj = 1, all

i, j = 1..N. Assume that the first 90 of the N regions are in a large country (US), and

the last 10 are in a small country (Canada), which roughly corresponds to the ratio

of Canadian GDP to the US GDP. Furthermore, assume that the transportation cost

between the regions within the same country is zero, i.e. dni = 1 whenever i, n ∈ US,

or i, n ∈ CA, and assume that the iceberg transportation cost between the regions
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within two different countries is 20%, i.e. dni = 1.2 whenever i ∈ US, n ∈ CA or

i ∈ CA, n ∈ US.

a. Use the following equilibrium relation from the model

piiLi =
∑
n

Xni =
∑
n

αi(
Xni

Xn

)Xn =
∑
n

αi(
dnipii
Pn

)1−σpnnLn

to construct an iterative algorithm that solves the model in MATLAB.7 Using the

algorithm, compute the overall price level of a representative US region and Canadian

region, and the prices of the corresponding goods. (HINT: The algorithm may be

unstable unless you slow down the updates a bit. To be on the safe side, I suggest to

divide both sides by Lip
1−σ
ii , compute pii, and use the updating rule that puts .5 weight

on the old value and only .5 weight on the newly solved value:8 pi+1 = .1p′ + .9pi,

where i is the iteration number, and pi is used to solve for the vector p′ in iteration i.

Don’t forget to evaluate the convergence, and the residuals of equilibrium conditions

at the end. Remember that pNN is the numeraire. (Print out the code and hand in

with the HW.)

b. What is the home-bias from the US side (defined as XUS,US/XUS,CAN) and from

the Canadian side (defined as XCA,CA/XCA,US).

c. Using data generated by the model, suppose you run the following regression of

trade flows on the border dummy (referred to as the ‘McCallum regression’):

ln
Xni

XiXn

= κ+ A× border dummy + ε,

where n ∈ CA, i ∈ CA or US. What is the value of the regression coefficient on the

border dummy?

d. Suppose you run the same regression as in point c but from the US side, i.e.

7If it is a contraction, then it will converge to the fixed point.
8This way you enlarge the domain on which out mapping is contraction. You then do not need

a very precise guess for convergence to the fixed point to occur.
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n ∈ US, i ∈ CA or US. What is the value of the regression coefficient on the border

dummy?

e. How do your answers to c and d compare to the coefficients that Anderson and

Wincoop found in the data by running McCallum’s regression separately from the US

side and the Canadian side? Explain briefly the implications of your findings.

f. Redo points c and d with σ = 8.

g. Comparing the answers in e and f, what fraction of the border effect is accounted

for by the endogenous multilateral resistance term?

h. What is the average share of trade with the US for a representative Canadian

province in the model (measure it by (90XCA,US)/(10XCA,CA+90XCA,US))? Consider

two levels of trade cost: dUS,CA = 1.2 (same as before), and dUS,CA = 1.175. Given

that the median and average value of this object in the data is about9 .45, which level

of the border cost accounts better for this number?

i. Would the answers to b-g change if instead you had 100 Canadian regions and 900

US regions? Explain your answer analytically.

Structural Estimation

Anderson and Wincoop (2003) structurally estimate the model using a set of 10

provinces, 30 states of US and 20 OECD countries. Their exercise is meant to address

the question whether the model can quantitatively fit the data for plausible parameter

values. An alternative approach to theirs would be a detailed calibration of the model

in the spirit of the numerical example you solved above.

Specification To structurally estimate the model, Anderson and Wincoop use the

following specification for the iceberg transportation cost:

dni = exp(βbni)× δρni, (1.17)

9Pulled out form the data available from Anderson’s website.
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where bni is the national border dummy (1 if there is a national border between region

n and region i , 0 otherwise), δ is the distance between regions n and i in miles, ρ

is the impact parameter of distance between on the implied iceberg transportation

cost, and β is the impact parameter of the national border on the implied iceberg

transportation cost.

Substituting out dni in the theoretical gravity equation, they obtain the following

empirical specification of the model:

ln
Xni

YiYn
= k + a1 ln(δni) + a2bni − (1.18)

− lnP 1−σ
i − lnP 1−σ

n + εni,

where a1 = (1 − σ)ρ, a2 = (1 − σ)β, and the vector of aggregate prices (Pn)n solves

to the fixed point problem given by (1.16):10

P 1−σ
n =

∑
i=1,..,N

exp(a1 ln(δni) + a2bni)

P σ−1
i

Xi, n = 1,..,N − 1, (1.19)

PN = 1.

Note that the observable data includes distance matrix (δni)ni, border dummy

matrix (bni)ni, multilateral expenditure shares ( Xni
YiYn

)ni, and income vector (Yi)i. The

price vector (Pn)n is unobservable, and so we must use theory to solve for it.

Numerical Algorithm to Estimate the Model (1.18)

• Set σ = 6 in consistency with the estimates of the long-run impact of a change

in tariff rates on trade from the literature.11

• Set the values of a1, a2, and solve for the vector of prices (Pn)n from the fixed

point problem given by (1.19).

10Income data is assumed to be nomralized so that
∑
nXn = 1.

11Note that σ can not be identified separately from the other parameters.
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• Plug in the price vector (Pn)n into the regression equation (1.18), and find the

constant κ that minimizes the squared sum of regression residuals. Given resid-

ual minimizing value of κ, evaluate the squared sum of residuals r =
∑

ni ε
2
ni.

• Repeat steps 2-4 above by choosing a1, a2 to minimize the residual r calculated

in step 3.

Results The results of estimating the structural model are presented in the table

reproduced below (Table 2 in the paper). As we can see, the model does an magnif-

icent job in account for the asymmetry and the border puzzle. In the two country

case (second column of Table 2), it underpredicts trade between Canadian province

on average by only 17%, and overpredicts trade of US states with other US states by

6%. Given that Canadian provinces trade 1600% more with each other than with US

states, this is a huge success. In addition, Anderson and Wincoop show that when

the model is extended to include other countries, it does an even better job (see last

column in Table 2 in the paper).

A Note on the Literature

This part was based on two influential papers: McCallum (1995) and Anderson

and Wincoop (2003). McCallum’s paper shows that an ad hoc gravity equation on

trade between Canada and US (from Canadian side) yields puzzling results. Namely,

after controlling for distance and income, Canadian provinces trade 2200% more with

another Canadian province than with US state. The original paper interprets this

finding as possibly suggesting an enormous cost of crossing the border, and is referred

to as ‘the border puzzle’. Anderson and Wincoop (2003) is a response to this finding.

Anderson and Wincoop show that according to the theory, the specification of the

ad hoc gravity model in most applications s incomplete, and so the results may be

biased
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1.4 Dornbusch, Fisher and Samuelson Model

Dornbusch, Fisher and Samuelson model is the most general version of the Ri-

cardian model (DFS model hereafter) for the case of two countries. The key idea is

to span goods on a unit interval, and thus summarize the endogenous equilibrium

specialization pattern by two cutoff values (pivotal goods) defining the set of goods

that are produced only by country 1 and the set of goods that are produced only by

country 2.

The DFS model nests a two country Armington model, it also nests the two coun-

try Eaton and Kortum model discussed in the next section. Interestingly, the DFS

model is particularly difficult to extend to a multicountry framework in full generality,

and it wasn’t until Eaton and Kortum parameterization that this framework took off

as a basis for any quantitative analysis.

The exercise below will walk you through a simple symmetric version of the DFS

model. In particular, you will establish here its relation to the Armington model, and

solve for the cutoff values. Later, we will find all these results useful to understand

the intuition behind the Eaton and Kortum (2002) model.

Exercise 10 (Dornbusch, Fisher and Samuelson (1977)) Consider a world with two

symmetric countries and a continuum of goods indexed on a unit interval. Prefer-

ences in each country are identical and given by

Ui = (

∫ 1

0

ln ci(ω)dω, i = 1, 2,

and all markets are perfectly competitive. Assume each country has access to a linear

technology to produce each good using labor,

yi(ω) = zi(ω)li(ω),
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where zi(ω) is the efficiency level in producing good ω in country i, and li(ω) is the

labor input. Assume that the labor endowment of the stand-in household in each

country is one, and the production efficiency schedules are given by the following

functions:

z1(ω) = e1−ω, (1.20)

z2(ω) = eω.

In addition, assume there is a positive tariff rate T between the two countries that

amounts to 10% of the value of the transported goods across the border. The revenue

from the tariff is lump-sum rebated to the households.

a. Define competitive equilibrium for this economy.

b. Refers to point a above. Compute the competitive equilibrium you have defined

in a. HINT: Find 2 cutoffs that divide the space of goods into 3 categories: (i) traded

and produced in country 1, (ii) traded and produced in country 2, and (iii) not traded

(both countries produce them for home market only). Exploit symmetry to say that

wages must be 1 in both countries. Use the fact that in the case of log utility the share

of expenditures on each good is always a constant fraction of total expenditures on all

goods.

c. Apply NIPA rules to compute the GDP of each economy. What happens to the

GDP in equilibrium when the tariffs are increased? HINT: Read handbook of NIPA

accounting available from BEA website.12

d. How would you have to modify the assumed efficiency schedules stated in (1.20) to

effectively obtain a symmetric two-country Armington model. Based on your answer,

what is the key qualitative difference between the Armington model and the DFS model.

12See http://www.bea.gov/national/pdf/NIPAhandbookch1-4.pdf.
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1.5 Hecksher-Ohlin Model

The following exercise will walk you through the setup of the 2x2 Hecksher-Ohlin

Model. In this version of the Hecksher-Ohlin model countries have access to the

same technologies to produce 2 goods, but differ in factor endowment of capital and

labor. Because technologies to produce each good use these two factor at different

intensities, in equilibrium countries partially specialize in the production of the good

more intensive in the abundant factor. The specialization leads to a very peculiar

result: Despite the fact that factors are immobile across countries, trade in goods

leads to factor price equalization across countries (wages and interest rates are the

same).13

Exercise 11 (Hecksher-Ohlin model) Consider the world with 2 countries and 2 trad-

able goods. Preferences of the stand-in household in each country are

Ui =
∑
j=1,2

logCj
i , i = 1, 2

where Cj
i denotes consumption in country i of good j. The stand-in household in coun-

try 1 has 2 units of labor (L) and 3 units of capital (K), and the stand-in household

in country 2 has 3 units of labor and 2 units of capital. Firms in each country have

access to the same CRS technology to produce both goods. The technology to produce

good 1 is Y = K
1
3L

2
3 (sector 1), and good 2 is Y = K

2
3L

1
3 (sector 2). For simplicity

assume there is no transportation cost.

a. Assume factors are perfectly mobile across countries. Define the competitive equi-

librium.

b. Refers to equilibrium defined in a. It can be shown, using the First and the

Second Welfare Theorems, that the competitive equilibrium is unique up to the unde-

13These two results are referred to as the Hecksher-Ohlin Theorem and the Factor Price Equal-
ization Theorem.
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termined allocation of capital and labor across countries within sectors,

and it solves the following planning problem for µ = 1
2
:

max
(Cji ,K

j
i ,L

j
i )i,j=1,2

µ
∑
j=1,2

logCj
1 + (1− µ)

∑
j=1,2

logCj
2

subject to

∑
i,j=1,2

Kj
i = 5,

∑
i,j=1,2

Lji = 5,

∑
i=1,2

C1
i =

∑
i

(
K1
i

) 1
3
(
L1
i

) 2
3 ,

∑
i=1,2

C2
i =

∑
i

(
K2
i

) 2
3
(
L2
i

) 1
3 .

Compute the competitive equilibrium you defined in a. (HINT: Remember that allo-

cation is undetermined wrt to allocation of production across countries (who produces

what). Exploit symmetry to argue that the relative price between goods and factors

must be 1. Then, introduce an aggregate firm that produces the entire world output

(max output), and compute K,L from its problem.)

c. Assume factors are immobile across countries. Define the competitive equilibrium.

d. Refers to equilibrium defined in c. It can be shown that there is a unique

competitive equilibrium, and it solves the following planning problem for µ = 1
2
:

max
(Cji ,K

j
i ,L

j
i )i,j=1,2

µ
∑
j=1,2

logCj
1 + (1− µ)

∑
j=1,2

logCj
2
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subject to

(∗)
∑
j=1,2

Kj
1 = 3,

∑
i,j=1,2

Lj1 = 2,
∑
j=1,2

Kj
2 = 2,

∑
j=1,2

Lj2 = 3,∑
i,j=1,2

Kj
i = 5,

∑
i,j=1,2

Lji = 5,

∑
i=1,2

C1
i =

∑
i

(
K1
i

) 1
3
(
L1
i

) 2
3 ,

∑
i=1,2

C2
i =

∑
i

(
K2
i

) 2
3
(
L2
i

) 1
3 .

Compute the competitive equilibrium you defined in point c. (HINT: Guess that the

solution to the planning problem above solves a relaxed problem with (*) constraints

omitted (like in the planning problem in point b). Verify the guess by showing that

factor markets clear – use (*) in combination with the factor demand functions you

derived in problem 2 to find market clearing production pattern (write it in matrix

form, will be easier...).

e. What is the pattern of trade in the competitive equilibrium you found in d? More

precisely, in which good the labor abundant country is a net exporter?

f. Note that ‘the trick’ you used in d to solve for the equilibrium would not work in

general, i.e. for an arbitrary distribution of factor endowment levels14. Show which

step of your solution in e would break down if this was not true, and explain why.

HINT: Recall that there are non-negativity constraints on all the variables.

1.6 Eaton and Kortum Model

Essentially, Eaton and Kortum (2002) model is a versatile and tractable proba-

bilistic parameterization of the Ricardian model with a continuum of goods due to

Dornbusch, Fisher and Samelson (1977). EK model extends the DFS framework to

14The range of endowment vectors for which ‘the trick’ works is referred to as the cone of diver-
sification.
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a multicountry context, and allows for an explicit derivation of the gravity equation.

Model Economy

Goods are indexed on a unit interval ω ∈ [0, 1], and the world is comprised of

N countries (regions). Every country can produce every good from the continuum,

but the labor requirement to produce each good differs. Unlike in the DFS model,

the productivity schedules are described probabilistically. Namely, it is assumed that

the efficiency of producing a good in country n is a realization of an i.i.d. Frechet

distributed random variable Zn:

Fn(Zn ≤ z) = exp(−Tnz−θ), (1.21)

where Tn and θ are parameters governing the mean and the dispersion15, and n is the

country index.

As before, geography is modeled by an iceberg transportation cost obeying three

standard properties: (i) symmetry dni = din ≥ 1, (ii) no cost within the country

dii = 1, and (iii) the triangle inequality

dni ≤ dnj + dji all i, j, n = 1..N. (1.22)

Probabilistic Notion of Comparative Advantage

Figure 1.3 illustrates the plots of the Frechet density function. The moments

of this distribution are given by: (i) mean=T
1
θΓ(1 − 1

θ
), (ii) coefficient of variation

(standard deviation/mean) = exp( π
θ
√

6
). Because θ unambiguously determines the

coefficient of variation, the two parameters have a natural interpretation: (i) Ti char-

15We will use the convention of denoting a random variable by a caligraphic capital letter. By
the law of large numbers, note that F (z) is also the fraction of goods produced at efficiency z or
lower.
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Figure 1.3: Frechet density function.

acterizes the overall level of technology of a country (absolute advantage), and (ii) θ,

a parameter common to all countries, characterizes the dispersion of efficiency across

goods (comparative advantage).

Frechet distribution, or in general any exponential distribution, has the following

four properties that will greatly simplify our analysis of the model:

• Property 1 (Frechet distributed extreme values): Let (Z1)i=1..N be a vector of

Frechet distributed random variables with parameters (Ti, θi)i. Then,

Z = max
i
{Zi}, (1.23)

is Frechet distributed with parameter T =
∑

i Ti, and θ.

• Property 2 (Mean determined winning probability): Let (Zi)i=1..N be a vector



CHAPTER 1. INTERNATIONAL TRADE 29

of Frechet distributed random variables with parameters (Ti)i, θ. Then,

Pr(Zs ≥ max
i 6=s
{Zi}) =

Ts∑
i Ti

. (1.24)

• Property 3 (Memorylessness): Let Z be a Frechet distributed random vari-

ables with parameters (T, θ). Then, the conditional distribution is equal to the

unconditional distribution

Pr(Zi ≤ z2|Z ≤ z1) = e−Tz
−θ
2 .

• Property 4 (Scale invariant dispersion): Let Z be a Frechet distributed random

variables with parameters (T, θ). Then, the distribution of a random variable

aZ (a∈ R+) is Frechet with parameters (a−θT, θ).

Proof. Property 1:

Pr(max
i
{Zi} ≤ z) = Πi Pr(Zi ≤ z) = e−

∑
i Tiz

−θi

Property 2:

Pr(Zs ≥ max
i 6=s
{Zi}) =∫ ∞

0

Πi Pr(Zi ≤ zs)dF (zs) =

∫ ∞
0

Πi Pr(Zi ≤ zs)F
′(zs)dzs =

=

∫ ∞
0

θz−θ−1
s Tie

−
∑
i6=s Tiz

−θ
s e−Tiz

−θ
s dzs =

=

∫ ∞
0

θz−θ−1
s Tie

−
∑
i Tiz

−θ
s dzs =

=
Ti∑
i Ti

∫ ∞
0

(
∑
i=1..N

Ti)z
−θ−1
s e−

∑
i Tiz

−θ
s dzs

=
Ti∑
i Ti

[e−z
−θ
s

∑
i Ti ]∞0 =

Ti∑
i Ti
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Property 3 follows directly from the Bayes rule.

Property 4 follows by rearranging the formula for the Frechet distribution.

Households

To state the household’s problem formally, we need to transform this problem to

guarantee integrability of the utility function and the budget constraint. To this end,

given the equilibrium distribution of prices Gn(p) in country n, we exploit the fact

that the distribution of prices tells us the measure of goods that are available at price

p. Since all variables of the model (as functions of ω) typically take identical value as

long as the price is the same, without loss of generality we will index goods by their

underlying prices rather than the type of good ω.

Under such reformulation, the preferences of the stand-in household from country

n can be described by the following utility function:

Un = [

∫ ∞
0

cn(p)
σ−1
σ dGn(p)]

σ
σ−1 , (1.25)

where σ denotes the elasticity of substitution between the goods (σ > 1), cn(p) is

the price-identical consumption level of goods at price p, and dGn(p) is the measure

(weight/fraction) of goods at price p.16

The problem of the household is thus to choose an integrable function cn(p) that

maximizes (1.25) subject to the budget constraint:

∫ ∞
0

pcn(p)dGn(p) = wnLn + Πn, (1.26)

where Πn are the profits paid out by the local firms (in equilibrium Πn will be zero),

16Note that the above formulation restricts attention to allocations in which the household chooses
the same consumption of all goods that have the same price. This would be the case endogenously,
but here it is build into the problem. This trick allows us to use the coarser indexation by price and
guarantee integrability.
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and wnLn is compensation of labor (Ln is endowment of labor).

From the household’s problem, we calculate that the ideal CPI-price index is given

by:

Pn = (

∫ ∞
0

p1−σdGn(p))
1

1−σ . (1.27)

A Note on Optimization with Integrals

Note that the utility maximization problem above involves a choice of an optimal

function that maximizes the integral. Taking first conditions in such case may be

confusing and requires some comments. For example, given the Lagrangian to the

household’s problem,

L = [

∫ ∞
0

cn(p)
σ−1
σ dGn(p)]

σ
σ−1 − λ(

∫ ∞
0

pcn(p)dGn(p)− ...),

we can no longer take the pointwise derivative over cn(p) (pointwise derivative of an

integral over cn(p) for any fixed p). Such derivative is zero!

So, to make any progress, we need to think about the problem more generally, and

instead define the underlying variation (change) as an integrable function of the price:

dcn(p). Then, the necessary condition for cn(p) to solve the utility maximization

problem would clearly be that for such variation (integrable function) dcn(p), the

distorted policy function cn(p) + εdcn(p) (where ε is some real number) achieves a

local extremum at ε = 0. Because ε is a real number, the necessary condition for this

extremum can be calculated using the standard calculus methods. This trick allows

us to translate the problem to a standard one.

So, given the Lagrangian,

Lε = [

∫ ∞
0

[cn(p) + εdcn(p)]
σ−1
σ dGn(p)]

σ
σ−1

−λ(

∫ ∞
0

p [cn(p) + εdcn(p)] dGn(p)− ...),
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we take the derivative wrt ε and evaluate it at ε = 0, to obtain:

dLε
dε
|ε=0=[

∫ ∞
0

cn(p)
σ−1
σ dGn(p)]

1
σ−1

∫ ∞
0

cn(p)
−1
σ dcn(p)dGn(p)

−λ(

∫ ∞
0

pdcn(p)dGn(p)) = 0.

Since the function dcn(p) is any arbitrary integrable function, we observe that the

above condition is equivalent to:

[

∫ ∞
0

cn(p)
σ−1
σ dGn(p)]

1
σ−1 cn(p)

−1
σ = p, a.s.,

where ‘a.s.’ symbol means that the relationship holds almost surely (for almost all

p except sets of measure zero wrt to the measure induced by Gn). This is the first

order condition we are looking for.

Note that the first order condition we have derived is analogous to the first order

condition we would have obtained, had we approximated the integrals by summations.

In the future, we will use this observation to derive the first order condition quickly.

Exercise 12 Given the above approach to solve the HH’s problem that involves and

integral, derive the formula for the price index Pn stated above.

Firms

In each country, the efficiency z of producing good ω is assumed to be Frechet

distributed random variable (see (1.21)). Given the realization of efficiency z for a

particular good type, the production function takes the form

y = zAlβ(

∫ ∞
0

q(p)
σ−1
σ dGn(p))

(1−β)σ
σ−1 , (1.28)

where l is labor input, q(·) denotes intermediate inputs, and A denotes a constant.
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Competitive firms can use the above CRS technology17 to produce goods, and

upon paying the iceberg transportation cost, they can ship these goods to all other

countries in the world. Because production of the good is assumed to be constant

returns to scale, the number of firms is undetermined. The goal of what follows is to

impose conditions on the distribution of prices Gn, so that it is consistent with the

described above competitive supply-side structure of the model.

Because of the constant returns to scale assumption, the marginal cost (or per

unit cost) vni(ω) of producing good ω in country i for country n is here a sufficient

summary of the production process. Conditional on the realization of z for a given

good, the marginal cost is given by

vni(z) =
dnici
z

, (1.29)

where

ci = wβi P
1−β
i (1.30)

is a per unit cost common across goods, and A has been chosen to soak up constants

so that no constant appears in the formula ci = wβi P
1−β
i .

Exercise 13 Derive the formula for vni(z) stated above from the underlying unit cost

minimization problem, and calculate the value of A so that ci = wβi P
1−β
i .

Now, letting Vni denote the random variable describing the marginal cost of pro-

ducing good ω in country i for country n, and letting Zi denote the underlying

efficiency draw (in country i), the distribution of the random variable Vni can be

17All firms will be subject to the same z.
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derived as follows:

Pr(Vni ≤ vni) = Pr(
dnici
Zi
≤ vi) = (1.31)

= Pr(Zi ≥
dnici
vni

) = 1− F (
dnici
vni

).

The lowest price Pn of good ω from all possible sources is a random variable linked

to Vni,

Pn = min
i=1..N

{Vni}.

Using analogous steps to the proof of Property 2, we establish that the distribution

of the random variable Pn is given by

Gn(p) = 1− e−Φnpθ , (1.32)

where

Φn ≡
∑
i

T (cidni)
−θ. (1.33)

Exercise 14 Derive the formula for Gn(p) stated above.

Finally, we analytically calculate the aggregate price index using (1.30). Plugging

in the distribution function, we obtain

P 1−σ
n =

∫ ∞
0

p1−σΦnθp
θ−1e−Φnpθdp

=

∫ ∞
0

Φnp
θ−σe−Φnpθdp.

Using substitution:

Φnp
θ = u; dp =

p1−θ

θΦn

du; p = (
u

Φn

)
1
θ

we obtain

P 1−σ
n =

∫ ∞
0

(
u

Φn

)
1−σ
θ e−udu.
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From the definition of the gamma function Γ

Γ(z) ≡
∫ ∞

0

tz−1e−tdt

we get

P 1−σ
n = (Φ

− 1
θ

n )1−σ
∫ ∞

0

u
1−σ
θ e−udu

= (Φ
− 1
θ

n )1−σΓ(
θ + 1− σ

θ
),

and

Pn = Φ
− 1
θ

n

[
Γ(
θ + 1− σ

θ
)

] 1
1−σ

= γΦ
− 1
θ

n . (1.34)

where γ =
[
Γ( θ+1−σ

θ
)
] 1

1−σ . (We need to assume θ + 1 − σ > 0; otherwise the above

integral is not be well defined.)

Exercise 15 Show that the mean of the Frechet distribution is T
1
θΓ(1− 1

θ
).

Market Clearing and Feasibility

The aggregate resource constraint says that demand for labor in every country

equals the supply of labor in that country. This condition is difficult to state because

we miss the link between the realized productivity z, type of good ω, and the realized

market price for this good p.

To work around this problem, we instead note that since production function is

Cobb-Douglas, fraction β of the expenditures of the entire world on home goods is

equal to the total compensation of labor producing these goods (=compensation of
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labor in country i), and (1− β) fraction is equal to payments to intermediate goods:

(payments to labor) wiLi = β
∑
n

(
Xni

Xn

)Xn. (1.35)

(payments for intermediate goods) = (1− β)
∑
n

(
Xni

Xn

)Xn

Next, we note that by definition the total expenditures of country n, Xn, are the

total final expenditures of consumers on all goods, which equal wiLi, plus total ex-

penditures of home producers on all intermediate goods (home and foreign). Thus,

by equation (1.35), we have:

Xn = wiLi + (1− β)
∑
n

(
Xni

Xn

)Xn

= wiLi +
(1− β)

β
wiLi

=
wiLi
β

.

Finally, using the above, we derive:

Li =
wiLi
wi

=
β
∑

n(Xni
Xn

)Xn

wi
=

∑
n(Xni

Xn
)wnLn

wi
.

The above condition is not yet sufficient to define equilibrium because it involves

an endogenous term Xni
Xn

that needs to be linked to other equilibrium objects. The

following lemma comes handy to fill this gap:

Lemma 16

Xni

Xn

= πni =
Ti (cidni)

−θ∑
i Ti(cidni)

−θ , (1.36)

where πni is the probability that the goods offered by country i to country n has the

lowest price (and is sold to country n).
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Proof. πni can be calculated analogously to the proof of Property 2. Note that

πni = Pr(Pni ≤ min
s 6=i
Pns).

To prove Xni
Xn

= πni, we need to know the distribution of the price of a good conditional

on country i selling this good in country n. It turns out that this distribution is

independent from the source, and is equal to the unconditional distribution Gn. The

result is a consequence of Property 3, and the derivation of this fact is left as and

exercise (follows the proof of Property 2). The conditional distribution of prices Gni(p)

is defined as follows:

Gni(p) ≡
∫ p

0
Πs6=i[1−Gns(q)]dGni(q)

πni
(1.37)

This is enough to prove Xni
Xn

= πni. (Why?)

By the above lemma, the final labor market clearing condition is thus given by:

Li =

∑
n

Ti(cidni)
−θ∑

i T (cidni)−θ
wnLn

wi
. (1.38)

Exercise 17 Prove that Gni(p) = Gn(p) and derive πni.

Exercise 18 Assume that there is a competitive sector that produces non-tradable

service goods using the following production function:

y = Alβ(

∫ ∞
0

q(p)
σ−1
σ dGn(p))

(1−β)σ
σ−1 ,

and assume that the utility function of the household is Cobb-Douglas in tradable and

non-tradable components, i.e.:

Un = Cα
n [

∫ ∞
0

cn(p)
σ−1
σ dGn(p)]

(1−α)σ
σ−1 ,
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where α is the share of non-tradable goods, and Cn is consumption of the non-tradable

good in country n. Furthermore, assume that labor is perfectly mobile across the two

sectors producing tradable and non-tradable good. Under this modification, derive the

modified labor market clearing condition. HINT: The formula is in the Eaton and

Kortum paper. You are asked to to derive it.

Equilibrium

Having laid out the economy, we next define the equilibrium.

Definition 19 Competitive equilibrium in this economy is:

• wages (wn)i=1..N and aggregate prices (Pn)n=1..N ,

such that

• given (1.30) and (1.32), (wn)i=1..N and (Pn)n=1..N are consistent with (1.38)

and (1.34).

Given the equilibrium wage vector and aggregate price vector, all other equilibrium

objects can be calculated from maximization of (1.25) subject to (1.34), and equations

(1.36) and (1.37).

Computation, Existence and Uniqueness of Equilibrium

As usually, the definition of equilibrium defines a fixed point problem. The proof

of uniqueness and existence thus requires to show that the fixed point exists and is

unique. For details, see Alvarez and Lucas (2007).

Similarly to the Armington model, we can construct here an iterative numerical

algorithm to solve for equilibrium. The sketch of the numerical algorithm would be

as follows: (i) Guess wages wn and aggregate prices Pn, (ii) Using (1.30), solve for

wages from (1.38) and aggregate prices from (1.34), (iii) Iterate until convergence.18.

18Use sluggish updating rule if neccessary: update = λ × (new value) + (1-λ) × (old value).
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Exercise 20 Write a MATLAB code that mimics the setup from exercise 6, and

solves the EK model numerically.

Predictions for Trade

The following proposition summarizes the key predictions of the EK model for

trade. Interestingly enough, the model turns out to have isomorphic predictions to

the Armington model. The gravity equation is governed by different parameters of

the model, but it has exactly the same analytical form after we relabel the parameters.

Below, we study why and under which conditions this is the case.

Proposition 21 In the Eaton-Kortum model, bilateral trade flows are governed by

the following gravity equation

Xni

Xn

= Xi

(dni
Pn

)−θ∑
n(dni

Pn
)−θXn

. (1.39)

In particular, when iceberg transportation cost is symmetric, i.e. dni = din, all i, n =

1,..,N, the gravity equation is given by

Xni =
XnXi∑
nXn

(
dni
PiPn

)−θ. (1.40)

Proof. Using equation (1.36) and equation (1.34), the balanced trade condition

implies:

Xi =
∑
n

Xni =
∑
n

Xni

Xn

Xn = Tic
−θ
i

∑
n

d−θni Xn

Φn

= Tic
−θ
i

∑
n

(
γdni
pn

)−θXn,

and thus

Tic
−θ
i =

Xi∑N
n (γdni

pn
)−θXn

.
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Combining the above with (1.36) and the definition of Φn (1.33), we derive:

Xni

Xn

=
Ti(cidni)

−θ∑
i Ti(cidni)

−θ =

1∑
n(
dni
Pn

)−θXn
(dni)

−θ

P−θn
Xi =

(dni
Pn

)−θ∑
n(dni

Pn
)−θXn

Xi.

Similarly to the Armington model, we can derive that

Pn = γ(
∑
i

T (cidni)
−θ)−

1
θ

Pn = (
∑
i

(γdni)
−θ∑N

n (γdni
Pn

)−θXn

Xi)
− 1
θ

and so

Pn = (
∑
i

(
γdni
Θi

)−θ
Xi)

− 1
θ

where

Θi = (
∑
n

(
γdni
Pn

)−θ
Xn)−

1
θ .

Thus, in the special case of dni = din, we have

Pn(
∑
n

Xn)−
1
θ = Θn,

and

Xni =
XnXi∑
nXn

(
dni
PiPn

)−θ.

Discussion

Even though equation (1.39) is structurally identical to the one in the Armington

model, it is not the same. In the Armington model, the critical parameter governing

trade was the elasticity of substitution σ between domestic and the foreign good. In
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contrast, in the EK model, σ is irrelevant, and the critical parameter is the dispersion

of technologies θ. As a result, even though the model has the same implications for

trade, different assumptions on the physical environment give rise to these predic-

tions.19 Because of this peculiar isomorphism, the Armington model can be thought

of as a reduced form representation of the EK model.

The reason why dispersion θ turns out critical for trade in the EK model can be

understood as follows. When there is little dispersion in productivities across goods,

prices presented by all alternative sources of country n are very close to the current

cheapest source i, and thus country n almost immediately switches to an alternative

source when the cheapest source becomes more expensive due to an increase in dni.

As a result, trade flows between country n and country i fall drastically in response

to dni, and this sensitivity falls as the dispersion of productivity and prices rises.

The above reasoning explains why θ is important in the EK model, but it does

not explain why σ does not matter at all (does not show up in the formula). We will

tackle this problem in the next paragraph by considering a two-country version of the

model.

Two-Country Case

In this section, we simplify the model and assume that there are two symmetric

countries, i.e. T1 = T2 = 1, d12 = d21 = d, d11 = d22 = 0, β = 1 (labor is the only

production factor). The goal is to understand better the workings of the EK model.

The two country case is much easier to analyze intuitively because it is possible to

map the probabilistic EK formulation onto the deterministic efficiency schedules a la

Dornbusch, Fisher and Samuelson (1977).

To obtain the DFS ordering, we calculate the probability that the relative produc-

19The important lesson is that the predictions of the Armington model and the EK model can be
reconciled once we think of σ in the Armington model as capturing also the substitution occurring
at the production level. Under such interpretation, EK model shows that such effect is important,
but on the aggregate level can be directly mapped onto elasticity without much loss of generality.
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tivity is smaller than some cutoff value a and assume the probability of this event to

be the index value of the pivotal good — since goods are defined on a [0,1] interval,

this probability does define a total order20 in a mathematical sense. Formally, a good

index ω is defined by the following relation:

ω(a) ≡ Pr(
Z2

Z1

≤ a) = Pr(Z2 ≤ aZ1),

which solves to

ω(a) =
1

1 + a−θ
.

Inverting the above expression, we obtain the mapping from the space of indices

to the corresponding relative productivities:

a(ω) = (
1− ω
ω

)−
1
θ .

Exercise 22 Formally derive the above expression for ω(a).

Given the a(ω) schedule, we next recover the underlying absolute productivity

schedules. From symmetry, consistency with the expression for a(ω) requires that:

z1(ω) = Aω−
1
θ ,

z2(ω) = A(1− ω)−
1
θ ,

where A is some constant of proportionality that we can calculate explicitly21.

Finally, given productivity schedules zi(ω), we normalize wages of country 1 and

2 to 1 (by numeraire assumption and symmetry), and derive the competitive price

20If X is totally ordered under ≤, then the following statements hold for all a, b and c in X: (1)
If a ≤ b and b ≤ a then a = b (antisymmetry); (2) If a ≤ b and b ≤ c then a ≤ c (transitivity); (3)
a ≤ b or b ≤ a (totality).

21The mean of the Frechet distribution is µ = T
1
θ Γ(1− 1

θ ) = Γ(1− 1
θ ). Thus, we can calculate A

from
∫
[0,1]

Aω−
1
θ dω = µ. Integrating, we obtain [A θ

θ−1ω
θ−1
θ ][0,1] = A θ

θ−1 , and so A = θ−1
θ Γ(1− 1

θ ).
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Figure 1.4: Price schedules and specialization pattern in the EK model.

schedules pni(ω) of each good ω presented by country i to country n (=marginal cost):

p11(ω) =
ω

1
θ

A
,

p21(ω) = d
ω

1
θ

A
,

p22(ω) =
(1− ω)

1
θ

A
,

p12(ω) = d
(1− ω)

1
θ

A
,

where A = θ−1
θ

Γ(1− 1
θ
).

In the EK model, the goods are always produced by the lowest cost supplier. So,

it must be true that country 1 is the sole producer of all the goods for which p21(ω) ≥

p22(ω), and country 2 is the sole producer of goods for which p12(ω) ≥ p11(ω). All

remaining goods are produced by both countries, and are not traded internationally.

Figure 1.4 illustrates the obtained this way ranges of goods.
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As we can see from Figure 3, in order to fully characterize the specialization

pattern, we need to calculate two cutoff values. The first cutoff determines the range

of goods that are produced by country 1, and the second cutoff determines the range

of goods that are produced by country 2. The goods which are between these cutoffs

are produced by both countries, but for the home market only. Using the formulas

for prices, we can calculate these cutoff values as follows22:

p21(ω̄1) = p22(ω̄1),

ω̄1 =
d−θ

1 + d−θ
(first cutoff),

p12(ω̄2) = p11(ω̄2),

ω̄2 =
1

1 + d−θ
(second cutoff).

To better understand how the EK model differs from the Armington model (Figure

4), it is instructive to derive the share of expenditures of country 1 on country 2 goods

for both models. As illustrated in Figure 4, we can map the Armington model onto

the DFS framework by dividing the space of goods into two equal parts . On each

non-overlapping half of the ω domain both countries present a finite and identical

price p at home and pd abroad, and on the other half they present an infinite price.

Clearly, because the prices are constant on each interval, once we integrate over all

goods, we obtain this way an Armington model with two representative goods. Let’s

now calculate the expenditure shares for each model.

In the Armington model, the expenditures on each good from the continuum are

22Note that d−θ

(1+d−θ)
< 1

(1+d−θ)
and so the range of goods that are not traded is non-empty as

long as d > 1. The endogenous set of goods that are actually traded is one of the key differences
between the EK model and the Armington model.
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given by

x(ω) = X1(
p(ω)

P
)1−σ. (1.41)

If we normalize the wages in both countries to 1, by symmetry we have p11(ω) =

1, p21(ω) = d, and so the price index is given by

P1 = (

∫ 1/2

0

11−σ +

∫ 1

1/2

d1−σ)
1

1−σ =

= (
1

2
)

1
1−σ (1 + d1−σ)

1
1−σ .

Further normalizing the endowment vector (Ln) to 1, we can calculate the share of

expenditures of country 1 on the goods produced by country 2 by integrating the
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demand function as follows23:

X12

X1

=
1

P 1−σ (

∫ 1

1/2

d1−σ) =

=
1

1
2
(1 + d1−σ)

1

2
d1−σ =

=
d1−σ

1 + d1−σ

As we can see, in consistency with our earlier results, the parameter that deter-

mines the effect of the iceberg transportation cost on trade in the Armington model

is the elasticity of substitution σ. Precisely, the more substitutable the goods are, the

more the share of expenditures X12

X1
is affected by the change in d, as indicated by the

derivative evaluated at d = 1:

d(X12

X1
)

dd
= (1− σ).

We next derive an analogous expression for the EK model. The calculations are

more complicated because we have to integrate over the price schedules that aren’t

constant. In addition, the cutoffs determining the endogenous set of imported goods

depend on d.

23Notice that the result we derive below is consistent with the gravity equation derived for the
general case (see previous section).
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Normalizing wages and endowments, the price index can be computed as follows:

P1 =

[∫ 1

1+d−θ

0

p11(ω)1−σdω +

∫ 1

1

1+d−θ

p12(ω)1−σdω

] 1
1−σ

=

=

∫ 1

1+d−θ

0

(
ω

1
θ

A

)1−σ

dω +

∫ 1

1

1+d−θ

(
d

(1− ω)
1
θ

A

)1−σ

dω

 1
1−σ

=

= [(∗) + (∗∗)]
1

1−σ =

=
(1− σ + θ)

1
σ−1

Aθ
1

σ−1

[
(

1

1 + d−θ
)
1−σ+θ
θ +

d−θ

(1 + d−θ)
1−σ+θ
θ

] 1
1−σ

=

= A−1(
θ

1− σ + θ
)

1
1−σ (1 + d−θ)−

1
θ

where

(∗) =

∫ 1

1+d−θ

0

(
ω

1
θ

A

)1−σ

dω =

= Aσ−1

∫ 1

1+d−θ

0

ω
1−σ
θ dω =

= Aσ−1[
θ

1− σ + θ
ω

1−σ+θ
θ ]

1

1+d−θ
0 =

=
Aσ−1θ

1− σ + θ
(

1

1 + d−θ
)
1−σ+θ
θ ,

(∗∗) =

∫ 1

1

1+d−θ

(
d

(1− ω)
1
θ

A

)1−σ

dω =

= Aσ−1d1−σ
∫ 1

1

1+d−θ

(1− ω)
1−σ
θ dω =

= Aσ−1d1−σ[− θ

1− σ + θ
(1− ω)

1−σ+θ
θ ]1 1

1+d−θ
=

=
Aσ−1θ

1− σ + θ

d−θ

(1 + d−θ)
1−σ+θ
θ

.
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Given the price index, the expenditure share is given by:

X12

X1

=
1

P 1−σ (

∫ 1

1

1+d−θ

p12(ω)1−σdω) =
d−θ

1 + d−θ
.

Exercise 23 By integrating over the price schedule, explicitly derive the expression

for X12

X1
stated above. (NOTE: You are not allowed to use the gravity equation.)

In consistency with our earlier findings, the result is that even though σ is critical

for the demand for each good (as indicated by formula for pni(ω)), the expression for

the share of expenditures on imported goods turns out to be independent from σ.

To understand why this happens intuitively, we next shut down the extensive

marginal (cutoff effect), and study the adjustment along the intensive margin (how

much of each good to purchase). Because σ shows up in the expression for the demand,

our conjecture is that along the intensive margin σ is critical in a similar fashion as in

the Armington model, but it must be the extensive margin of changing cutoff values

that offsets it. Our goal is to formally confirm this intuition.

To this end, we will start with the fixed cutoff values for the case d = 1 (both

cutoffs at 1
2
), and increase d by some ∆d while keeping the cutoffs unchanged at 1

2
.

As expected, we in fact obtain an analogous expression to the Armington model:

X12

X1

=
∆d1−σ

1 + ∆d1−σ .

This confirms our intuition that it is the offsetting effect of the extensive margin that

makes σ drop out from the final expression, and the extensive margin transforms the

gravity equation to an isomorphic form in which σ plays no role. In a sense, the

extensive margin depends on σ in an exactly offsetting effect so that in the overall σ

drops out. Clearly, this result hinges on the specific functional forms for productivity

distribution, and is not a general feature of the DFS model. Nevertheless, it is
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comforting that in some plausible class of parameterization Armington model can be

thought of as the reduced form of the EK model.

Exercise 24 Derive the above expression X12

X1
= ∆d1−σ

1+∆d1−σ
. HINT: Do not forget that

you also need to calculate the counterfactual price index P corresponding fixed cutoff

values.

Last but not least, we should mention that Eaton and Kortum estimate the param-

eter θ from the data on the dispersion of retail prices of commodities across countries.

Their result θ ' 8 is consistent with the high value of the elasticity parameter σ that

we needed in the Armington model to account for trade patterns between Canada

and US.

Endogenizing the Frechet Distribution

The parameterization of the model using the Frechet distribution holds a promise

for a tractable integration of trade theory with the theory of innovation and growth.

Kortum (1997) and Eaton and Kortum (1999) show how a process of innovation and

diffusion can endogenously give rise to a Frechet distribution, where Ti reflects a

country’s stock of original (or imported ideas). The appendix at the end provides

necessary probability theory background for this part.

Model of Innovation

Time is continuous and an idea is a technique to produce a certain good. The

arrival of new ideas is governed by a Poisson process with time-varying intensity

aR(t), where we interpret R(t) as the flows of R&D expenditures at time t and a is

productivity of research. R(t) is exogenous, but can, in principle, be endogenized24.

24See for example Kortum and Klette (2004) and Eaton and Kortum (2001).
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A technique (=idea) is summarized by a number z, characterizing the labor re-

quirement to produce 1 unit of output. It is assumed that upon the arrival of an

idea, labor requirement Z associated with this idea is a random variable drawn from

a Pareto distribution given by:

F (z) ≡ P (Z > z) =

 ( z
z̄
)−θ if z ≥ z̄

1 otherwise


where z̄ and θ are parameters of the distribution.

Given that the arrival process is Poisson, the number of ideas of productivity

Z > z discovered up to date t is distributed Poisson with parameter (see Appendix)

λ(t) = aT (t)(
z

z̄
)−θ, z ≥ z̄

where T denotes the cumulative research effort up to time T

T (t) =

∫ t

0

aR(t)dt.

In the part the follows, we will find it convenient to normalize a so that az̄θ = 1, and

think of z̄ → 0. This way we can extend the domain, and have instead:

λ(t) = T (t)z−θ, z ∈ (0,∞).

Finally, we note that Pareto distribution has a convenient property that the condi-

tional distribution on Z ≥ ẑ, is also Pareto given by

F (z|ẑ) ≡ P (Z > z) = (
z

ẑ
)−θ.

We will use this property in the proof below.
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Distribution of the Best and the Second-Best Idea Up to Date

Given all the techniques discovered up to period t, we can rank them from the

highest efficiency to the lowest, and define the underlying random variables as follows:

Z1 ≥ Z2 ≥ ..... Our goal is to characterize the distribution of random variables Z1

and Z2 in such ranking. For the EK model, it would be enough to characterize Z1

only. However, for later use we will derive a more general characterizing the joint

distribution of Z1, Z2.

Proposition 25 The joint distribution function of the best and second best technique

Z1 and Z2 is given by

G(Z1 ≤ z1, Z2 ≤ z2) = (1 + T (z−θ2 − z−θ1 ))e−Tz
−θ
2 , (1.42)

where z1 ≥ z2.

From the above proposition, we note that the least restrictive condition on z2

is that z2 = z1 (as z2 still has to be lower than z1). Plugging in, we obtain the

distribution function of the best draw that we have used in the EK model:

e−Tz
−θ
2 .

We now turn to the proof of the above proposition.

Proof. (Courtesy of Yoichi Ueno – who nicely simplified the original proof) Suppose

at period t there are n draws (Zn)n of Z bounded by some ẑ, with the following order:

Z1 ≥ Z2 ≥ .... ≥ Zn ≥ ẑ. In the first step, conditional on n draws and Z1, ..., Zn ≥ ẑ,

we will calculate the conditional probability that Z1 is above some cutoff value z1 and

Z2 is below some cutoff value z2. Clearly, the conditional distribution of Z is given

by F (ζ) = ( z
ẑ
)−θ, z ≥ ẑ. Since these events are disjoint, the probability of the event
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Z1 

Z2 

z2 

z2 z1 

1 2 2 2( , )P Z z Z z   
1 1 2 2( , )P Z z Z z   

1 2 2 2( ,   z )P Z z Z   

Figure 1.6: Decomposition of the distribution.

described above is given by the following Bernoulli trial formula:

P (Z1 ≥ z1, Z2 ≤ z2|n, ẑ) = (
n

1
)F (z1)(1− F (z2))n−1 =

= n(
z1

ẑ
)−θ(1− (

z2

ẑ
)−θ)n−1

Next, we note that since n is distributed Poisson with parameter T ẑ−θ, the uncondi-

tional distribution must be given by

P (Z1 ≥ z1, Z2 ≤ z2|ẑ) =
∞∑
n=0

n(
z1

ẑ
)−θ(1− (

z2

ẑ
)−θ)n−1 (T ẑ−θ)n

n!
e−T ẑ

−θ
=

=
∞∑
n=1

(
z1

ẑ
)−θ(1− (

z2

ẑ
)−θ)n−1 (T ẑ−θ)n

(n− 1)!
e−T ẑ

−θ
.
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Collecting terms to use (1.44), we obtain:

P (Z1 ≥ z1, Z2 ≤ z2|ẑ) = T ẑ−θ(
z1

ẑ
)−θ

∞∑
n=1

(T ẑ−θ − Tz−θ2 )n−1

(n− 1)!
e−T ẑ

−θ
=

= T ẑ−θ(
z1

ẑ
)−θe−Tz

−θ
2

∞∑
n=1

(T ẑ−θ − Tz−θ2 )n−1

(n− 1)!
e−T (ẑ−θ−z−θ2 )

︸ ︷︷ ︸
=1

=

= T ẑ−θ(
z1

ẑ
)−θe−Tz

−θ
2 = Tz−θ1 e−Tz

−θ
1 .

Now, since the expression does not depend on ẑ, taking the limit ẑ → 0,we obtain

P (Z1 ≥ z1, Z2 ≤ z2) = Tz−θ1 e−Tz
−θ
2 .

Similarly, we can derive:

P (Z1 ≤ z2, Z2 anything)=P (Z1 ≤ z2, Z2 ≤ z2)=e−Tz
−θ
2 , (∗)

Since by Figure 1.6:

P (Z1 ≤ z1, Z2 ≤ z2) = P (Z1 ≤ z2, Z2 ≤ z2) +

P (Z1 ≥ z2, Z2 ≤ z2)− P (Z1 ≥ z1, Z2 ≤ z2),

we have

P (Z1 ≤ z1, Z2 ≤ z2) = e−Tz
−θ
2 + Tz−θ2 e−Tz

−θ
2 − Tz−θ1 e−Tz

−θ
2 =

= (1 + T (z−θ2 − z−θ1 ))e−Tz
−θ
2 .

Exercise 26 (Optional) Derive the expression denoted by (*) in the proof above.



CHAPTER 1. INTERNATIONAL TRADE 54

A Note on the Literature

This part was based on Eaton and Kortum (2002), as well as the general equi-

librium analysis of this model provided by Alvarez and Lucas (2004). The material

on link between the Frechet distribution and innovation comes from the paper by

Bernard, Eaton, Jensen and Kortum (2003) and Eaton and Kortum textbook.

Appendix

Poisson Process

Poisson process is a jump process in the sense that a shock of a random magnitude

occurs at random times with same intensity (example: arrival of phone calls or claims

to a customer service office). The process π(t) is Poisson with parameter λ(t) (may

depend on time or be constant), if it obeys the following probability conditions:

(i) Pr(event occurs exactly once in time interval (t, t+ dt))=λ(t)dt+ o(dt),

(ii) Pr(event does not occur at all in time interval (t, t+ dt))=1− λ(t)dt+ o(dt),

(iii) Pr(event does occurs more than once in time interval (t, t+ dt))=o(dt),

where dt is an infinitesimal time interval and o(dt) refers to terms sufficiently small

relative to dt to be ignored (limdt→0
o(dt)
dt

= 0).

Conditions (i)−(iii) imply the following distribution that the random event occurs

sometime before time t is,

F (t) = 1− e−
∫ t
0 λ(τ)dτ .

It can be derived as follows. Let p(t) denote the probability that the event does not

occur up to time t. Then, p should obey the following rule (by i− iii)

p(t+ dt) = (1− λ(t)dt)p(t) + p(t)o(dt).
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This rule says that the probability that event does not occur to time t + dt is given

by the probability that it does not occur up to time t, p(t), and does not occur in the

interval (t, t+ dt). Dividing both sides of the above expression by dt and taking limit

dt→ 0, we obtain the following differential equation

p′(t) = −λ(t)p(t),

which solves to

p(t) = e−
∫ t
0 λ(τ)dτ ,

given the initial condition p(0) = 1. Thus, the probability that event occurs at least

once sometime up to time t is in fact given by

F (t) = 1− e−
∫ t
0 λ(τ)dτ .

A nice property of the Poisson process is that you can combine them together.

For example, if Xn has Poisson distribution with parameter λn(t), then
∑N

n Xn is

also Poisson with parameter
∑N

n λn(t).

Derivation of the Poisson Distribution

Let the number of counts up to time t be denoted by N(t) (which is total number of

occurrence of certain ”events” up to time t), e.g. arrival of phone calls to a customer

service center. The distribution of the number of ‘counts’ up to time t is

P (N = n; t) =
(−
∫ t

0
λ(τ)dτ)n

n!
e−

∫ t
0 λ(τ)dτ . (1.43)
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(In particular, we note that because it is a probability distribution

∞∑
n=0

(−
∫ t

0
λ(τ)dτ)n

n!
e−

∫ t
0 λ(t)dt = 1, (1.44)

which is sometimes useful in the proofs.)

To derive the above, denote pn(t) = P (N = n; t), and note that by (i-iii) the

following recursive formula holds

pn(t+ dt) = pn(t)(1− λ(t)dt− o(dt)) + pn−1(t)(λ(t)dt+ o(dt)).

Dividing by dt and letting dt→ 0 (using o(dt)
dt

= 0), we have

p′n(t) = pn(t)(1− λ(t)) + pn−1(t)λ(t)dt.

Next, we note that differential equation of the form

f(x) = Af(x) + g(x), (x ≥ 0, g continuous)

solves to

f(t) = e
∫ t
0 A(τ)dτ

[
f(0) +

∫ t

0

g(s)e−
∫ s
0 A(τ)dτds

]
.

Applying the above formula, we obtain

pn(t) = e−
∫
λ(t)dt

[
pn(0) + λ(t)

∫ t

0

pn−1(s)e−
∫ s
0 λ(t)dtds

]
.

where pn(0) = 1 if n > 0, and pn(0) = 0 if n = 0. Using the above equation, it is easy

to show by induction that (1.43) holds.
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1.7 New Trade Theory

The most primitive atom responsible for exporting, production and trade is a firm.

Thus, the question why countries trade naturally boils down to the question why firms

decide to export. This is the starting point of the new trade theory, which takes the

route of building a positive theory of industry to directly model this decision.

The above approach to model trade has been first proposed by Krugman (1980),

and later developed in Helpman and Krugman (1985). Below, we first discuss the

original Krugman model, as laid out in the Helpman and Krugman (1985) textbook,

and then discuss the Melitz model, which merges Krugman’s theory with the closed

economy Hopenhayn (1992) model of industry equilibrium.

1.8 Krugman-Helpman Model

Krugman model importantly departs from the traditional trade theory. In the

traditional trade theory, differences between countries give rise to trade. In contrast,

in the Krugman model countries are ex-ante identical, but still decide to trade and

specialize ex-post. The key driving force behind trade and ex-post specialization

is the combination of increasing returns and love for variety by the consumers. In

particular, the Krugman model takes a stand what a firm is: it is an ownership

right to a variety, that is imperfectly substitutable with other varieties. In particular,

exporting is a decision of this entity.

Model Economy

There are N countries, and each country has access to a technology of introducing

a new variety (a new type of good). The space of varieties is potentially infinite, and

so there is zero probability that a newly introduced variety will overlap with anything

that already exists in the world (always a finite measure).
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Introducing a variety takes resources modeled by a sunk cost χ. Upon introducing

a variety, the entity that does so (called a firm), becomes a monopolist in producing

it. We will denote the space of existing varieties in the world by Ω ⊆ [0,∞). Note that

this space can be partitioned into disjoint subsets of varieties by the source country:

Ω = ∪n=1,..,NΩn, where Ωn ∩ Ωm = ∅, all n,m = 1,..., N.

We model trade cost by the usual iceberg transportation cost.

Households

Given the set of existing varieties, households’ in country n maximize utility func-

tion given by the CES aggregator:

Un =
∑
i=1..N

(

∫
Ωi

cni(ω)
σ−1
σ dω)

σ
σ−1 , (1.45)

subject to the budget constraint

∑
i=1..N

∫
Ωi

pni(ω)cni(ω) = wnLn + Πn.

Firms

Becoming a firm costs χ units of labor, and this cost is sunk. Upon paying it, a

new variety is born and the firm is a monopolist in producing it. Given the demand

function cni(p, ω) for this variety by country n households, the profit of a firm ω from

country i is selling variety ω to country n is:

πni(ω) = max
pni,li

[pnicni(pni, ω)− wili], (1.46)

where ∑
n=1..N

dnicni(pni, ω) = li.
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Since there is fixed cost of introducing a variety, the total profits are given by

Πi = πni − χwi , all i = 1, ..., N (1.47)

Feasibility and Market Clearing

Market clearing condition requires that the demand for labor equals the supply of

labor, and so

Ωn(χ+ ln) = Ln, all n = 1, ..., N. (1.48)

The free entry condition implies that the profits from a marginal variety are driven

to zero:

Πn = 0, all n = 1, ..., N. (1.49)

Definition of Equilibrium

Definition of equilibrium is as follows.

Definition 27 Equilibrium in this economy is:

• prices pni(ω), wi, and

• demand functions25 cni(p, ω),

• and allocation Ωn, ln, cni(ω),

such that

• given prices, demand function cni(p, ω) is derived from the household’s problem

given by (1.45),

• given demand functions, pni(ω) and li solve the firm’s maximization problem

given by (1.46),

25It is not neccessary to include demand function as part of the definition of equilibrium. We
include it for the sake of clarity.
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• equilibrium consumption cni(ω) is consistent with the demand function and

prices, i.e. cni(ω) = cni(pni(ω), ω),

• zero profit condition (1.49) holds, and

• market clearing condition (1.48) is satisfied.

Characterization of Equilibrium and Predictions for Trade

The Krugman model predicts that the set of varieties introduced in equilibrium

is independent from trade costs. For example, a country that adopts extreme pro-

tectionism will produce the same number of varieties as a country that opens up to

trade. As a result, its predictions for gravity are identical to the Armington model.

Below, we prove these two knife-edge results.

Proposition 28 Ωi’s are independent on trade costs dni.

Proof. From the household problem, we can derive the demand for variety ω to be

given by

xni(ω) =

(
pni(ω)

Pn

)1−σ

Xn, (1.50)

where xni(ω) denotes expenditures of HH from country n on variety ω coming from

country i. Given this demand function, it is straightforward to show that profit max-

imization implies that the price will optimally be set by firms as a constant markup

on the marginal cost:

pni(ω) =
σ

σ − 1
widni, (1.51)

and profits are given by:

πi(ω) =
∑
n=1..N

xni(ω)

σ
=

1

σ

∑
n=1..N

( σ
σ−1

widni

Pn

)1−σ

Xn.
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The zero profit condition says that

πi(ω) = χwi.

Using the formula for profit function πi(ω) stated above, we obtain

πi(ω) =
1

σ

N∑
n=1

( σ
σ−1

widni

Pn

)1−σ

Xn = χwi

and thus
N∑
n=1

( σ
σ−1

dni

Pn

)1−σ

Xn = σwσi χ. (1.52)

Next, using symmetry (all firms in country i are identical, and so xni ≡ xni(ω) =

xni(ω
′), all ω, ω′), we combine the above result with the fact that total spending of

each country on all differentiated goods are given by:

Ωi

N∑
n=1

xni = wiLi. (1.53)

In addition, using the definition of expenditures, and equation (1.51), we have

Xi ≡ Ωi

N∑
n=1

xni = Ωi

N∑
n=1

( σ
σ−1

dniwi

Pn

)1−σ

Xn.

Combining the above with (1.53), we write

Ωi

N∑
n=1

( σ
σ−1

dni

Pn

)1−σ

Xn = wσi Li. (1.54)

Finally, combining (1.52) with (1.54), we establish

wσi Li
Ωi

= σwσi χ,

Ωi =
Li
σχ

.
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Proposition 29 The gravity equation is the same as in the Armington model.

Proof. Using the definition of aggregate expenditures

Xi =
∑
n

∫
Ωi

xni(ω),

symmetry

xni(ω) = xni(ω
′), all ω, ω′ ∈ Ωi,

and constant markup pricing (1.51), we obtain

Xi = w1−σ
i Ωi

N∑
n=1

( σ
σ−1

dni

Pn

)1−σ

Xn

and thus

w1−σ
i Ωi =

Xi∑N
n=1

( σ
σ−1

dni

Pn

)1−σ
Xn

(1.55)

Using (1.50),

xni(ω) =

(
pni(ω)

Pn

)1−σ

Xn,

and combining with (1.51), we obtain

Ωixni
Xn

= Ωi

( σ
σ−1

dniwi

Pn

)1−σ

and thus

Xni

Xn

= Ωiw
1−σ
i

( σ
σ−1

dni

Pn

)1−σ

. (1.56)

Plugging in from (1.55) to (1.56), we obtain

Xni

Xn

=
Xi∑N

n=1

( σ
σ−1

dni

Pn

)1−σ
Xn

( σ
σ−1

dni

Pn

)1−σ

(1.57)
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Finally, following the same steps as in Armington model, it is easy to show that (1.57)

simplifies to

Xni =
XnXi∑
nXn

( σ
σ−1

dni

PnPi

)1−σ

.

Exercise 30 Consider a 2-country version of the Krugman model, with one large

country called North and one small country called South. Size is modeled by labor

endowment, and so North has a larger endowment of labor than South. Except for a

different labor endowment, the countries are identical.

In addition, assume that each country produces a homogeneous agricultural trad-

able good A, and consumers have Cobb-Douglas preferences between the agricultural

good and the composite of all differentiated products C, i.e. preferences in country

n = N,S are given by:

Un = AµnC
1−µ
n ,

where

Cn = (
∑
i=S,N

∫
Ωi

cni(ω)
σ−1
σ dω)

σ
σ−1 .

The homogeneous good can be trade frictionlessly (d = 1), but the differentiated good

is still subject to potentially positive iceberg transportation cost d > 1.

Derive analytically how the fraction of varieties produced by the South ζ = |ΩS |
|ΩS |+|ΩN |

depends on the relative size of south s = LS
LN+LS

, where here |Ωi| denotes the mass

of differentiated varieties produced by i. HINT: The existence of a homogeneous and

tradable agricultural good that can be trade frictionlessly implies that that wages in both

countries must be equal (despite size differences), thus by numeraire normalization

wN = wS = 1. Cobb-Douglas preferences imply that households spend a constant

fraction µ on the agricultural good and rest on the differentiated goods.
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1.9 Melitz Model

The Krugman model falls short in two important respects. On one hand, it

introduces firms as primitive atoms of trade—which is good—but on the other hand,

it is grossly at odds with the firm-level data. In the data, most firms do not export,

and in the Krugman model they all do (or none of them does). In addition, despite

anecdotal evidence, trade liberalizations or protectionism have no bearing on the

industry structure. So, even though the model nicely illustrates a new motive for

trade and models firms as the primitive atom of trade, it is not useful as a quantitative

basis for applied work.

These shortcomings motivated Melitz (2003) to extend the simple setup by intro-

ducing fixed costs of entry and heterogeneity in the firm level productivity. In the

Melitz model, it is no longer true that all firms export. Precisely, there is a cutoff

level of productivity above which a firm decides to enter foreign markets, and below

which it decides to sell only at home. This cutoff endogenously changes in response

to trade costs, and thereby trade policies naturally lead to industry level reallocation.

Also, unlike in the Krugman model, only some firms export.

By being consistent with basic industry and firm level facts, the Melitz model

has recently become a basis for quantitative analysis in trade. An alternative to

the Melitz model is a brilliant work by Bernard, Eaton, Jensen and Kortum (2003),

and the unified framework by Eaton, Kortum and Kramartz (2006) (EKK hereafter).

EKK model nests a specialized version of an asymmetric Melitz model due to Chaney

(2008), BEJK model and the EK model. In what follows, we will talk about the

original Melitz model and touch upon the BEJK (2003). I encourage you to read the

EKK paper as well. (In the exercise at the end of the chapter, you will be asked to

review the key firm level facts from the trade literature.)
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Model Economy

Time is discrete and horizon infinite. There are N + 1 symmetric countries in

the world. Symmetry is built into notation, and so all variables pertain to either a

representative foreign country, denoted by f, or the domestic country, denoted by no

subscript or d depending on the context (domestic and foreign country is identical).

Similarly as in the Krugman model, varieties are non-overlapping, and so the total

mass Ω ∈ R+ of goods available in the domestic country is Ω = Ωd+NΩf , where Ωd is

the mass of varieties produced at home, and Ωf is the mass of varieties produced by

a representative foreign country and available at home.26 The iceberg transportation

cost is denoted by d.

Households

Following the same approach as in the EK model, we will index goods by prices

rather the type of the good ω. Since in the Melitz model no two varieties of goods

overlap, we must multiply the underlying integrals by the measure of goods over which

the distribution is calculated (probability measures normalize everything to 1).

Assuming that the price distribution of home varieties is given by P and of foreign

varieties (available domestically) by Pf , in the stationary equilibrium the households’

problem can be described by the following Bellman equation:

J = max
cd(·),cf (·)

[(
Ωd

∫ ∞
0

c(p)
σ−1
σ dPd +NΩf

∫ ∞
0

cf (p)
σ−1
σ dPf

) σ
σ−1

+ βJ

]
, (1.58)

subject to

Ωd

∫ ∞
0

pc(p)dP +NΩf

∫ ∞
0

pcf (p)dPf = wL+ Π.

26Unlike in the Krugman model, here Ω is not a set – it is a positive real number describing the
measure of varities.
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The equations should be self explanatory. Note that integrals are multiplied by the

mass of goods Ωd and NΩf , as mentioned above.

Firms

Firms can freely enter into production by paying a sunk startup cost χe (denom-

inated in labor units). All existing firms are assumed to be subject to an exogenous

destruction rate δ, which will induce here an endogenous turnover of firms (process

of continual entry and exit).

The timing of entry and production is as follows. Upon startup, a productivity

draw φ is assigned to a new entrant (from distribution G), and the entrant decides

whether to enter into production or not. The cost of acquiring the draw of φ is sunk,

and costs χe units of labor. If the the entrant decides to enter, it then pays an a

production setup cost χ to sell at home. If, in addition, the entrant wants to become

an exporter, it pays another setup cost χx abroad—in each of the foreign countries it

intends to sell to.

It is assumed that the cost of exporting χx is large enough, so that in equilibrium

there are firms which decide to sell at home only. Such firms will be referred to as

home or domestic producers. Other firms will be referred to as exporters.

After entry (i.e. after paying χe and obtaining φ), firm’s problem can be described

by the following Bellman equation:

Π(φ) = max{Πd(φ)− χ,Πd(φ)− χ+N(Πx(φ)− χx)}, (1.59)

where

Πd(φ) = max
pd,ld

[pc(p)− wld + β(1− δ)Πd(φ)] , (1.60)

subject to
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c(p) = φl,

and

Πx(φ) = max
pf ,lx

[pfcf (pf )− wlx + β(1− δ)Πx(φ)] , (1.61)

subject to

dcf (pf ) = φlx,

where cd (p) is a demand function for domestic variety and cf (p) for a foreign variety.

The above Bellman equation can be understood as follows. The first equation

says that upon paying the entry cost χe, and seeing the assigned productivity draw

φ, the value of the firm (=present discounted value of profits) Π is determined by the

max of two alternatives: (i) production for the home market only: Πd(φ)− χ, or (ii)

production for both the home and the foreign market: Πd(φ)−χ+N(Πx(φ)−χx).27

It is easy to prove the following property:

Lemma 31 Entry decision and exporting decision takes the form of a cutoff rule, in

which all firms with a productivity draw above φd decide to produce at least at home,

and all firms above φx decide to export. Moreover, φx > φd iff χd1−σ < χx.

Exercise 32 Prove the above lemma.

In what follows, we will directly build the above Lemma into notation.

Feasibility and Market Clearing

Aggregate feasibility requires that total demand for labor used in production (by

all operating firms), setup cost, and startup of firms is equal to the total supply of

27Note that we built into the problem the fact that the fixed costs are such that the firm never
finds it optimal to export and not to sell at home. We will later make this assumption explicit by
imposing a condition on the fixed cost χd and χf .
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labor:

L = χe
δΩd

1−G(φd)
(startups) + (1.62)

+χδΩd (production setup at home) +

+NχxδΩd
1−G(φx)

1−G(φd)
(production setup abroad) +

+
Ωd

1−G(φd)

∫
φd

ld(φ)dG(φ) (labor demand by domestic producers) +

+
Ωf

1−G(φx)

∫
φx

(ld(φ) +Nlx(φ))dG(φ) (labor demand by exporters).

To write down this condition formally, we have used the fact that the mass of

varieties is equal to the number of firms. So, Ωd is the total mass (measure) of firms

that produce both at home and export, and Ωf is the mass of firms that also export

(which by symmetry applies to the domestic country and to any foreign country).

Since in the stationary equilibrium (steady state), δΩd of firms must be replaced

every period by new entrants, there must be δΩd
1−G(φd)

startups (draws of φ)—as only

fraction 1−G(φd) of startups eventually decides to produce.

Moreover, given fraction δΩd of new entrants (firms that stay and produce), the

fraction of new entrants that also decides to export something is given by the condi-

tional probability that φ falls above the exporting cutoff φx, conditioned on φ being

already above the entry cutoff φd. This probability is equal to 1−G(φx)
1−G(φd)

, and thus the

expression δΩd
1−G(φx)
1−G(φd)

. Since all firms which find it profitable to export will export to

all markets or not at all, we must multiply this term by N .

The last two terms are the variable demand for labor by domestic producers (firms

that sell at home only) and exporters (firms that sell both at home and abroad).

The definitions of the cutoff values φd,φx imply that the firm at the cutoff level

must be indifferent between the two decisions, i.e.

Π(φd) = 0, (1.63)
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and

Πd(φx)− χw = Πd(φx)− χw +N(Πx(φx)− χxw). (1.64)

What’s more, under symmetry the process of entry and exit implies

Ωf =
1−G(φx)

1−G(φd)
Ωd, (1.65)

and the free entry and exit condition implies

Π ≡ EΠ(φ)− χew = 0. (1.66)

Finally, the price distribution P can be linked to the other equilibrium by the

optimal policy function of firms: p(φ) and px(φ) Given these functions, P (and Pf )

is derived as follows:

P (p) = Pr(p ≤ p) = Pr(p(φ) ≤ p) = Pr(φ ≤ p−1(p)) = G(p−1(p)), (1.67)

and similarly

Pf (p) = Pr(pf ≤ p) = Pr(px(φ) ≤ p) = Pr(φ ≤ p−1
x (p)) = G(p−1

x (p)). (1.68)

Equilibrium

Definition 33 Symmetric stationary equilibrium in this economy is:

• value functions J,Π(φ),Πd(φ),Πx(φ),

• policy functions c(p), cf (p), p(φ), pf (φ), ld(φ), lx(φ)

• distribution functions P (p), Pf (p),
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• measures Ωd,Ωf ,

• entry cutoffs φd, φx,

• aggregate profits Π,

• and wage w

such that

• value function J and policy functions c(p), cf (p) are derived from (1.58),

• value functions Π(φ),Πd(φ),Πx(φ) and policy functions p(φ), pf (φ), ld(φ), lx(φ)

are derived from (1.59), (1.60) and (1.61),

• Pd(p), Pf (p) are consistent with (1.67) and (1.68)

• p(φ), pf (φ) are invertible functions,

• cutoff values φd, φx, and measures Ωd,Ωf are consistent with (1.63), (1.64) and

(1.65),

• zero profit condition (1.66) is satisfied,

• and market clearing condition (1.62) holds.

Proposition 34 The above symmetric equilibrium exists and is unique.

Proof. The strategy is to show that the zero profit conditions can be used to solve

for the cutoffs φd and φx, and once we find the cutoffs, the remaining equilibrium

objects follow. Before we proceed, we note the following. Since this a monopolistic

competition model, the formula for prices is given by:

p(φ) =
σ

σ − 1

1

φ
,

px(φ) =
σ

σ − 1

d

φ
,
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and expenditures on individual goods by:

x (φ) = X(
p (φ)

P
)1−σ = X(

σ − 1

σ
Pφ)σ−1, (1.69)

xx(φ) = X(
pf (φ)

P
)1−σ = d1−σX(

σ − 1

σ
Pφ)σ−1 = d1−σx (φ) .

(Note that, in fact, prices are an invertible functions of φ as required by the definition

of equilibrium.) In particular, from (1.69), we obtain

x (φ)

xx(φ′)
= dσ−1(

φ

φ′
)σ−1, (1.70)

x (φ)

x(φ′)
= (

φ

φ′
)σ−1,

xx (φ)

xx(φ′)
= (

φ

φ′
)σ−1,

for any φ, φ′.

In the first step, we decompose the expected profits to profits earned at home and

abroad:

E[π(φ)] = (1−G(φd))Eφ>φd [πd(φ)] +N(1−G(φx))Eφ>φx [πx(φ)], (1.71)

and calculate the conditional profits as follows:

Eφ>φd [πd(φ)] =
Eφ>φd [x(φ)]

σ
− χ, (1.72)

Eφ>φx [πx(φ)] =
Eφ>φx [xx(φ)]

σ
− χx.

Given (1.70), and using the above expressions, we obtain

Eφ>φd [x(φ)] ≡ x(φd)Eφ>φd [
x(φ)

x(φd)
] ≡ x(φd)

φσ−1
d

∫ ∞
φd

φσ−1g(φ)

1−G(φd)
dφ, (1.73)

Eφ>φx [xx(φ)] ≡ xx(φx)Eφ>φx [
xx(φ)

xx(φx)
] ≡ xx(φx)

φσ−1
x

∫ ∞
φx

φσ−1g(φ)

1−G(φx)
dφ,
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where g(·) denotes the density function corresponding to G(·). Furthermore, assum-

ing φd < φx (which holds iff dσ−1χx > χ), we use (1.72) and the definition of the

cutoff productivity φd, to derive

π(φd) = πd(φd) =
x(φd)

σ
− χ = 0,

and

x(φd) = σχ. (1.74)

Substituting from (1.73) and (1.74) into (1.72), we have

Eφ>φ∗ [πd(φ)] =
x(φd)

σ(φd)σ−1

∫ ∞
φd

φσ−1g(φ)

1−G(φd)
dφ− χ =

= χ[(
φ̃(φd)

φd
)σ−1 − 1],

where

φ̃(φ∗) ≡ [

∫ ∞
φ∗

φσ−1g(φ)

1−G(φ∗)
dφ]

1
σ−1 .

The analogous expression for exporters is

Eφ>φx [πx(φ)] = χx[(
φ̃(φ∗x)

φ∗x
)σ−1 − 1].

Next, we express the ex-ante zero profit condition in terms of the cutoff values by

substituting out the above equations for conditional profits into (1.71) :

E[π(φ)] = χ(1−G(φd))[(
φ̃(φd)

φd
)σ−1 − 1]+ (1.75)

+Nχx(1−G(φx))[(
φ̃(φx)

φx
)σ−1 − 1] = χe.

Furthermore, we express the exporting cutoff φx in terms of the entry cutoff. Using
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the fact that

πd(φd) =
x(φd)

σ
− χ = 0, (1.76)

πx(φx) =
x(φx)

σ
− χx = 0,

we derive

xx(φx)

x(φd)
= d1−σ(

φx
φd

)σ−1 =
χx
χ
, (1.77)

φx = φd(
χx
χ

)
1

σ−1d.

Since, φx is a linear function of φd, with a slope coefficient ζ = (χx
χ

)
1

σ−1d, we reduce

the equilibrium fixed point problem to 1 equation in 1 unknown:

χj(φd) +Nχxj(ζφd) = χe, (1.78)

where

j(φd) ≡ (1−G(φd))[(
φ̃(φd)

φd
)σ−1 − 1]. (1.79)

To goal is to show that there is a solution (1.78), and that it is unique. Given

continuity of j(·), it is sufficient to prove that j(·) strictly decreases from ∞ to 0

for φd ∈ (0,∞). To this end, we note the following properties of j(·): (i) j(φd) > 0

on φd ∈ (0,∞),(ii) φd → 0, j(φd) → +∞ (follows because φ̃(φd) → ∞), and (iii)

j′(φd)φd
j(φd)

< −(σ − 1). The only nontrivial property is (iii). We show it as follows.

Consider f(φd) ≡ log j(φd) (this is possible because j(φd) is positive valued function).

Note that by monotonicity of log, (φd → ∞, j(φd) → 0) iff (φd → ∞, f(φd) →

−∞). Since from (ii) we know f ′(φd) < − (σ−1)
φd

, we use the Fundamental Theorem of
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Calculus to link this fact to the function itself:

f(b)− f(a) =

∫ b

a

f ′(φd) <

∫ b

a

−(σ − 1)

φd
= [−1

2
(σ − 1) log φd]

b
a = (1.80)

=
1

2
(σ − 1)(log a− log b).

Taking b→∞, we have f (b)→ −∞.

The remaining part of the proof is straightforward and is omitted. It requires to

show that given the cutoffs, we can unambiguously determine all other equilibrium

objects.

Comparative Statics Results

The central result of the Melitz paper is that trade liberalizations lead to the

industry level reallocations. Intuitively, in the Melitz model, when d goes up, con-

sumers shift their spending onto new goods (in equation (1.69) P falls). This lowers

their spending on the goods that they were purchasing so far, and unless the firm is

exporting, it necessarily faces a decline in spending and profits (by equation (1.76)).

Consequently, the cutoff φd goes up. Moreover, since entry cutoff goes up, entry be-

comes more costly. As indicated by equation (1.66), the only way a firm can break

even in expectation is that profits at the top of the distribution compensate for the

losses at the bottom. This is the key result that Melitz proves and illustrates in

Figure 2 (reproduced below).

We next frame this result into a formal proposition.

Proposition 35 In the equilibrium of the Melitz model, dφd
dd

< 0, dφx
dd

> 0, and there

exists φ̄ such that for all φ > φ̄, dπ
dd
< 0.

Exercise 36 Prove the above proposition. HINT: For the first part consider study

the expression (1.78) and (1.77) using Implicit Function Theorem. For the second
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Figure 1.7: Industry level relocations in the Melitz model.

part, show

xd(φ) +Nxx(φ) = (1 +Nd1−σ)xd(φ)

using (1.70), and show

xd(φ) = (
φ

φd
)σ−1σχ, all φ ≥ φd,

using similar arguments as in (1.76). Next, consider the change in profits of a firm

that exports before and after reduction of d by some ∆d. Use the fact that

π(φ) =
x(φ)

σ
− χ−Nχx,

where x(φ) = xd(φ) +Nxx(φ).
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A Note on the Literature

Melitz model is based on the model of industry equilibrium by Hopenhayn (1992).

The original Melitz setup has been further extended to a multi-country asymmetric

framework by Chaney (2006). Unlike the Melitz model, Chaney’s model is in partial

equilibrium. The main contribution of his paper is to derive analytically a gravity

equation. Finally, Eaton, Kortum and Kramartz (2006) propose a framework that

flexibly nests all 3 models: EK model, BEJK model and Chaney’s model.

1.10 Bernard, Eaton, Jensen and Kortum Model

A competing model with monopolistic producers is the model by Bernard, Eaton,

Jensen and Kortum (2003). The paper extends the original framework originally due

to Eaton and Kortum (2002), and introduces imperfect competition. The key idea is

that a producer has an exclusive right to the technology draw he gets (unlike in the

EK model), and the distribution of efficiency level in producing every good is given

by the formula we have derived in the previous section from a model of endogenous

innovation:

P (Z1 ≤ z1, Z2 ≤ z2) = (1 + T (z−θ2 − z−θ1 ))e−Tz
−θ
2 ,

where Z1 is the r.v. denoting the draw of the most efficient producer and Z2 is the r.v.

denoting the draw of the second most efficient producer. The producers are Bertrand

competitors, so the highest efficiency (lowest cost) producer sets the price as high as

possible, but low enough so that it precludes second lowest cost producer from entry.

This, of course, leads to endogenous markups, which crucially depend on the distance

in efficiency between the first and second lowest cost producers. We should note that

in this model innovation is confined to factor saving innovation, and does not involve

product innovation as the Melitz model.

Interestingly enough, the model is set up in such a way that all simplifications
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that were valid in the EK model go through in this extended framework. But, unlike

using the EK model, here we can start talking about firm-level facts in addition to

the aggregate facts that EK model has predictions on.

BEJK document in their paper key characteristics of an ‘exporting plant’ (relative

to ‘non-exporting plant’) based on the data from 1992 US Census of Manufactures

(200,000 plants in the sample). The key exporter facts they focus on are:

1. Very few plants report exporting anything – about 21%

2. Those that do, still sell mostly at home – 2/3 of plants in the sample export

less than 10% of their total output

3. Exporting firms are on average larger (ship 5.6 more output), and appear to be

about 9% more ‘productive’ (or more accurately profitable)28

They show that their model can account for all the above facts qualitatively, and

in many respects comes close at accounting for them quantitatively. The amazing

thing is that it does so without any fixed costs of exporting. Below, you will find a

short overview of the key features of the theory:

Market Structure and Ownership

• Bertrand competition between the producers within same variety (each producer

owns one technology)

• Similarly to EK’02, each market is captured by the low cost supplier, but unlike

in EK’02 the markup can be positive:

– the lowest cost supplier to country n is constrained not to charge more

than the second-lowest cost supplier potentially entering from any country

28Productivity is defined here as the ratio of total value added of the plant relative to the total
payroll bill of production workers (after controlling for capital/skill intensity of a given plant).



CHAPTER 1. INTERNATIONAL TRADE 78

in the world

c2n(j) = min

{
c2nl(j),min

i 6=l
{c1ni(j)

}
where c2n(j) is the second lowest cost supplier of commodity j to country

n, and l is the country of origin of the lowest-cost supplier (= min{second

lowest cost supplier from the same country as the lowest cost supplier, min

of the first lowest cost supplier to country n from all other countries}).

Prices

• The price of good j in country n is given by

Pn(j) = min{c2n(j),
σ

σ − 1
c1n(j)}.

• The markup is the maximal feasible markup as long as it is not higher than the

MC optimal markup

Probabilistic Formulation of Technology

• To cover all possibilities, need to know the highest and second-highest efficiency

draw z1i(j), z2i(j) in each country

• Similarly to EK model, the efficiency levels are realizations of a random variable

drawn from a carefully chosen distribution

Fi(z1, z2) = Pr [Z1i ≤ z1, Z2i ≤ z2] =
[
1 + Ti(z

−θ
2 − z−θ1 )

]
e−Tiz

−θ
2 ,

for 0 ≤ z2 ≤ z1, drawn independently across countries i and goods j (see deriva-

tion of this function from a process of endogenous innovation in the previous

sections)

Cost Functions
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• The cost is a realization of the following two random variables:

c1ni(j) =
wi

Z1i(j)
dni

c2ni(j) =
wi

Z2i(j)
dni

• Given distribution of efficiency can obtain distribution of first and second lowest

cost as follows:

Gc
ni(C1 > c1, C2 > c2) = Pr [C1 > c1, C2 > c2]

= Pr

[
Z1 ≤

widni
c1

, Z2 ≤
widni
c2

]
= G(

widni
c1

,
widni
c2

).

which solves to

Gc
ni(c1, c2) =

[
1 + Ti[widni]

−θ(cθ2 − cθ1)
]
e−Ti[widni]

−θcθ2

• The complementary distribution of the lowest and second-lowest cost regardless

the source (the probability that the lowest and second-lowest cost in all countries

is above c2+ probability that in one of the countries the lowest cost is between

c1 and c2, second-lowest is above c2 and in all other countries both lowest and

second-lowest is above c2) is

Gc
n(c1, c2) = ΠN

i=1G
c
ni(c2, c2) +

+
N∑
i=1

[Gc
ni(c1, c2)−Gc

ni(c2, c2)]Πk 6=iG
c
nk(c2, c2)

=
[
1 + Φn(cθ2 − cθ1)

]
e−Φncθ2
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where

Φn =
∑
i

Ti[widni]
−θ.

• The cost distribution is

Gn(c1, c2) = 1−Gc
n(0, c2)−Gc

n(c1, 0) +Gc
n(c1, c2)

• The distribution of the lowest cost regardless second lowest cost can be obtained

by taking the limit c2 →∞ of the expression above

Key Aggregate Results

1. The probability πni that country i is the lowest cost supplier to n is the same

as in EK:

πni =

∫ ∞
0

Πk 6=i[1−G1nk(c)]dG1ni(c) =
Ti(widni)

−θ

Φn

.

2. The joint distribution of the lowest and second lowest cost of supplying country

n, conditional on country i being the low cost supplier is independent on the

source as in EK

Gc
n(c1, c2|i) = Gc

n(c1, c2) =
[
1 + Φn(cθ2 − cθ1)

]
e−Φncθ2 .

Unlike in the EK model, this result does not translate yet to gravity equation

because there are markups. Need to know that distribution of markups is

independent on the source.

3. The markup Mn(j) = Pn(j)/C1n(j) is the realization of a random variable Mn.

Conditional on C2 = c2, the markup is Pareto distributed and independent on
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c2. Thus, the distribution of markups conditioned on being the source is also

Pareto, and in particular, independent on the source.

4. Given the above, the share that country n spends on goods from country i is

πni, and gravity equation is analogous to the EK model

Firm-Level Results

1. A plant with higher efficiency is likely to have a higher markup

Hn(m|z) = 1− exp(−Φnw
θ
nz
−θ(mθ − 1)), 1 ≤ m ≤ m̄,

(a plant unusually efficient relative to other producing plants tend to be un-

usually efficient relative to its latent competitors as well, so charges a higher

markup)

2. Greater efficiency makes the producer more likely to export and to be big,

explaining the correlations between size and export status that we see in the

data.

Exercise 37 Read data sections of the following papers: (i) Das, Sanghamitra &

Mark J. Roberts & James R. Tybout, 2001. “Market Entry Costs, Producer Het-

erogeneity, and Export Dynamics,” NBER Working Papers 8629, National Bureau

of Economic Research, (ii) Eaton, Jonathan & Samuel Kortum & Francis Kra-

marz, 2004. “Dissecting Trade: Firms, Industries, and Export Destinations,” NBER

Working Papers 10344, National Bureau of Economic Research, (iii) Bernard, An-

drew B. & Bradford J. Jensen, 1999. “Exceptional Exporter Performance: Cause,

Effect or Both?”, Journal of International Economics, February 1999, 47(1), pp. 1-

25, and (iv) Ruhl, Kim J. & Willis Jonathan , 2007. “Convexities, Nonconvexities,

and Firm Export Behavior”. The last paper you will find under the following link:
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http://editorialexpress.com/conference/MWM2008/program/MWM2008.html (see ses-

sion 20 in the conference schedule). Summarize and briefly describe the key producer-

level facts about exporting and trade that emerge from this literature.



Chapter 2

International Business Cycle

“In modern developed economies, goods and assets are traded across national bor-

ders, with the result that events in one country generally have economic repercussions

in others. International business cycle research focuses on the economic connections

among countries and on the impact these connections have on the transmission of ag-

gregate fluctuations. In academic studies this focus is expressed in terms of the volatil-

ity and comovement of international time series data. Examples include the volatility

of fluctuation in the balance of trade, and correlation of the trade balance with output,

the correlation of output and consumption across countries, and the volatility of prices

of foreign and domestic goods.”, Backus, Kehoe and Kydland, 1995.

2.1 Introduction

In this chapter, we extend the time horizon of our analysis to short-run and

medium-run. What occurs at these frequencies, and our long-run analysis has so

far abstracted from, are business cycle fluctuations. This phenomenon brings in an

additional set of facts about the comovement and volatility of aggregate quantities

and prices, and introduces a new motive of international borrowing and lending to

share business cycle risk and reallocate production over the business cycle.

83
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Time horizon 
of the analysis Short-run Medium-run Long-run 

International Trade Theory 

International Business Cycle Theory 

Figure 2.1: Time-horizon of the business cycle analysis.

The research in the international business cycle literature has been focused on a

development of a workhorse model (laboratory) that is useful for broad-based policy

analysis. Since this objective coincides with the agenda of the closed economy business

cycle modeling, its open economy counterpart is often referred to as open economy

macro. The central questions of the open economy macro are largely, but not only,

centered around the extent to which predictions of the successful closed economy

macro models hold in the open economy environments, and the extent to which

these models are consistent with the additional evidence such analysis brings in (e.g.

international comovement, international prices, current account dynamics).

The international business cycle literature is organized into two major branches:

(i) International Real Business Cycle, and (ii) New Open Economy Models. These

two classes of models are not disjoint. In fact, NOEM builds on the IRBC by adding

sticky prices to the RBC model, and monetary shocks (liquidity shocks). Since in

the RBC models money is neutral, without further modifications of the theory, such
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shocks have no bite1.

In this course, we will talk about IRBC and occasionally touch upon NOEM (to

be discussed in Econ 872). Both types of models are based on shocks backed out

from the data in a disciplined manner. In the IRBC theory, the shocks are modeled

as a stochastic shift of the production function, and are backed out from the cyclical

properties of the Solow residual in the data. The NOEM models add monetary shocks

(liquidity shocks) that are backed out from the data on interest rates or money supply.

The shocks in the RBC models are often referred to as technology shocks. How-

ever, one should not interpret them literally, but rather think of them as capturing

all sorts of unmodeled distortions that boil down to a shift of a production function

in a reduced form model. For a theoretical foundation of such view, see the paper

by Chari, Kehoe and McGrattan, “Business Cycle Accounting”, Econometrica 2007,

Vol 75(3).2

A standard reference to RBC theory is the textbook (collection of RBC papers):

“Frontiers of Business Cycle Research” by Thomas Cooley (editor)—which is a bit

out of date at this point.3 As an introduction to RBC, I encourage you to read the

Nobel lecture by Prescott: “Nobel Lecture, The Transformation (...)”, JPE, 2006,

Vol114(2).

1There are RBC models with real financial frictions that involve monetary shocks and money
is not neutral. For example, see Atkeson and Kehoe (2000), “Money, Interest Rates, and Exchange
Rates With Endogenously Segmented Asset Markets”, WP 605, Minneapolis Fed.

2Under such view RBC theory no longer implies that there is no space for broadly defined
government intervention to stabilize business cycle. Such conclusion is only true if we literally
interpret technology shocks as coming from some exogenous shifts in the production function (like
oil shocks or hurricanes). In addition, such interpretation implies that much less can be said about
the source of business cycle fluctuations. Nevertheless, the theory is still useful in providing a
coherent and disciplined framework to study the effects of the business cycle on various aspect of
economic activity.

3Especially in terms of solution methods.
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2.2 Business Cycle Measurement

Here, we develop measurement tools that allow us to summarize the facts about

business cycle fluctuation. Specifically, we develop methods that isolate the long-

run properties (low-frequency) of the time-series from the short-run properties (high

frequency).

The business cycle literature typically defines the business cycle as a phenomenon

occurring at the frequencies 2 quarters to 8 years. To narrow down the focus to this

domain, we must find an appropriate detrending method that will allow us to focus

attention on this particular frequency domain.

The standard technique in the literature has been to use an HP filter. HP filter

can flexibly and quickly remove lower frequencies that we choose to remove.4

HP filter5 The reasoning behind the HP filter is as follows. Let yt = log xt, for

t =1, 2 , ...,T, denote the logarithms of a time series variable xt. The series xt, is

made up of a trend component, denoted by ȳt = log x̄t, and a cyclical component,

denoted by ct, such that

xt = ȳt + ct.

The log in the above formulation allows us to focus attention on the normalized

percentage deviations from trend, rather than less meaningful absolute deviations. It

follows from the following approximation using the Taylor’s theorem:

ct ≡ yt − ȳt ≡ log xt − log x̄t =

=
xt − x̄t
x̄t

+ o(xt − x̄t),

4An alterantive method would be to use the band-pass filter or linear detrending. The advantage
of the band-pass filter is that the frequency domain can be precisely defined, and in the limit the
filter exactly cuts off the frequencies we want to abstract from. However, since this is only a limiting
result, the transparency of the HP filter smoothing still makes a preferred choice. For more details
on band-pass filter, see Lawrence J. Christiano & Terry J. Fitzgerald, 1999. ”The Band Pass Filter,”
NBER Working Papers 7257, National Bureau of Economic Research, Inc.

5You can find a free HP filter for MATLAB at: http://dge.repec.org/codes/izvorski/hpfilter.m
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where x̄t ≡ exp(ȳt).

Given an adequately chosen positive value of λ, the HP-trend component ȳt solves

min
{ȳt}Tt

T∑
t

(yt − ȳt)2 + λ
T−1∑
t

[(ȳt+1 − ȳt)− (ȳt − ȳt−1)]2 .

The above objective function can be understood as follows. The first term is

the sum of the squared deviations yt − ȳt which penalizes the cyclical component.

So, the trend component should be as close as possible to the actual series. The

second term is a multiple λ of the sum of the squares of the trend component’s

second differences. This term penalizes variations in the growth rate of the trend

component. By putting the two terms together, the objective function trades off the

smoothness of the trend (second component) with the objective of tracking closely

the actual time-series.Clearly, the larger the value of λ, the more weight we put on

trend being smooth. Hodrick and Prescott advise that, for quarterly data, a value of

λ = 1600 is a reasonable. For annual data, a value of 6.25 is recommended6, although

in the case of annual data researchers often use values significantly higher than that.

From now one, unless otherwise noted, all statistics we talk about refer to variables

that are first logged and the HP filtered to recover the cyclical component. Occa-

sionally, we will use linear detrending to preserve the information about persistence

of the underlying time-series.

2.3 Prototype International Business Cycle Model

In this section, we set up a simple two-country endowment model (along the lines

of Lucas (1982)). The model will adopt the Armington framework as the underlying

trade model, and in line with the RBC literature assume that the business cycles are

driven by an assumed stochastic process. Agents in the model will be aware of the

6Ravn, Morten O. & Uhlig, Harald, 2001. ”On Adjusting the HP-Filter for the Frequency of
Observations,” CEPR Discussion Papers 2858, C.E.P.R. Discussion Papers.
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properties of this process and how the economy works.7

Our simple model will allow us to focus attention on the workings of the demand-

side of business cycle models (including some NOEM models), and for the time being

will ignore the supply side. This will be a very useful exercise to develop intuition for

later.

Model Economy

There are 2 ex-ante symmetric countries labeled domestic country, and foreign

country. Households in the domestic country own an endowment tree that stochas-

tically pays off in the domestic goods d, and households in the foreign country own

a similar endowment tree that pays off in the foreign good f. Both types of goods,

d and f, are used for consumption, are not perfectly substitutable, and are tradable.

Trade is frictionless, but preferences are biased towards the local good.8

Uncertainty

In any period t, the world economy experiences one of the finitely many stochastic

events st ∈ S. The history of such events up to and including period t is denoted by9

st, where st = (s0, s1, ..., st). The product probability of each history is known and

denoted by π(st).

For later use, note that our history dependent notation implies that it is the same

to write (st−1, st) as st or (s0, s1, ..., st).

7Models departing from the assumption of rational expectations are not policy invariant and
subject to Lucas critique. See Lucas (1976), “Econometric Policy Evaluation: A Critique”, Carnegie-
Rochester Conference Series on Public Policy.

8Here we build trade friction directly into preferences as a home bias parameter ω. An almost
equivalent formulation would be to assume an iceberg transportation cost instead.

9In particular, the realization of the exogenous endowment is a function of the history of events,
i.e. y(st), y∗(st).
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Asset Market

In each country, there is a separate asset market in which a one-period forward

state contingent bond is traded. At home, this bond is denominated in the home

country numeraire, and abroad this bond is denominated in the foreign country nu-

meraire. Bonds allow households to frictionlessly transfer wealth across all dates and

states.

The asset market is assumed to be internationally integrated, in the sense that

households in each country can trade bonds of both types bond. Specifically, there is

a state contingent price of the foreign numeraire in terms of domestic numeraire that

allows the households to trade foreign numeraire good for the domestic one. This

price is denoted by x. H10

In terms of notation, all variables that have a foreign country analog, are distin-

guished by an asterisk, and the setup is symmetric between the domestic and the

foreign country. By symmetry we mean ex-ante symmetry, meaning that the same

probability laws that govern the stochastic realization of endowment in each country.

Households

Households supply goods to the market, trade financial assets, and purchase final

consumption goods. At each history st, they choose their allocation,

c(st), d(st), f(st), {Bd(st+1, s
t), Bf (st+1, s

t)}st+1∈S,

to maximize the expected present discounted utility

U = max
∞∑
t

∑
st∈St

βtπ(st)u(c(st)) (2.1)

10Two types of bonds are introduced to make the model symmetric. One state contingent bond
would be sufficient (equivalent).
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c(st) = G(d(st), f(st)), all st ∈ St,

where G(·) is given by CES aggregator parameterized by elasticity σ and home-bias

parameter ω :

G(d, f) =

 dωf 1−ω if σ = 1

(ωd
σ−1
σ + (1− ω)f

σ−1
σ )

σ
σ−1 if σ 6= 1

,

and the utility function is parameterized by risk aversion parameter θ:

u(c) =

 log(c) if θ = 1

c1−θ

1−θ if θ 6= 1
.

Household’s utility maximization is subject to: (i) non-Ponzi conditionBd(st+1, s
t) ≥

−B,Bf (st+1, s
t) ≥ −B, where B is some arbitrarily large constant, (ii) non-negativity

for all variables except for bond holdings, and (ii) the budget constraint,

pd(s
t)d(st) + pf (s

t)f(st) + (2.2)

+
∑
st+1∈S

Q(st+1|st)Bd(st+1, s
t) + (2.3)

+
∑
st+1∈S

x(st)Q∗(st+1|st)Bf (st+1, s
t) (2.4)

= Bd(s
t) + x(st)Bf (s

t) + pd(s
t)y(st), all st.

The budget constraint reads from left to right: (i) expenditures on consumption

pd(s
t)d(st)+pf (s

t)f(st), (ii) purchases of state contingent domestic bonds Bd(st+1, s
t)

at price Q(st+1|st),(ii) purchases of a set of state contingent foreign bonds Bf (st+1, s
t)

at price x(st)Q∗(st+1|st) (Q∗ is denominated in the foreign numeraire units and must

be translated to domestic numeraire units through x), (iii) income from maturing

domestic bonds that have been purchased at st−1 for contingency st,(iii) income from
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maturing foreign bonds purchased at state st−1 for contingency st, and (iv) the en-

dowment income pd(s
t)y(st).

The foreign households solve an analogous problem, which we state below to clarify

the notation:

U∗ = max
∞∑
t

∑
st∈St

βtπ(st)u(c∗(st)) (2.5)

c∗(st) = G(f ∗(st), d∗(st)), all st ∈ St

subject to

p∗d(s
t)d∗(st) + p∗f (s

t)f ∗(st) + (2.6)

+
∑
st+1∈S

Q∗(st+1|st)B∗f (st+1, s
t) +

+
∑
st+1∈S

Q(st+1|st)
x(st)

B∗d(st+1, s
t)

=
B∗d(s

t)

x(st)
+B∗f (s

t) + p∗f (s
t)y∗(st), all st ∈ St

The implied price index for the domestic country is given by

P (st) = min
G(d(st),f(st))=1

[
pd(s

t)d(st) + pf (s
t)f(st)

]
(2.7)

and for the foreign country by

P ∗(st) = min
G(f∗(st),d∗(st))=1

[
p∗d(s

t)d∗(st) + p∗f (s
t)f ∗(st)

]
. (2.8)

Later, we will find it convenient to normalize the prices by assuming that the compos-

ite consumption baskets in each country are the numeraire (composite consumption
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basket will serve as numeraire in each country), i.e.

P (st) = P ∗(st) = 1, all st. (2.9)

Under such numeraire normalization, by definition, the domestic bond pays off

in the domestic composite consumption, and the foreign bond pays off in the foreign

composite consumption. The relative price of the foreign numeraire in terms of the

domestic numeraire x(st) is then, again by definition, the ideal11 real exchange rate.

Real exchange rate is defined as the price of the foreign consumption basket in terms of

the domestic consumption basket. In the data, the real exchange rate is measured by

the ratio of foreign CPI to domestic CPI measured in common unit, x = eCPI∗

CPI
, where

eCPI∗ is foreign CPI converted to home currency units using nominal exchange rate

e. Because in the model weights of the CPI price index are optimal, we refer to it as

ideal CPI, and ideal real exchange rate. Sometimes this distinction of theoretical real

exchange rate and a corresponding data object makes a difference (like in the model

by Ghironi and Melitz (2005)). Here, the ideal CPI and fixed-weights CPI are almost

the same thing, and we will not make an explicit distinction.

Feasibility and Market Clearing

Finally, the allocation must fulfil several market clearing and feasibility conditions.

First, frictionless trade in the goods market requires that the law of one price holds:12

pd(s
t) = x(st)p∗d(s

t), (2.10)

pf (s
t) = x(st)p∗f (s

t), all st.

11Ideal (sometimes also called welfare-based) means that the basket with respect to which CPI
is measured is optimal on a period by period basis.

12We could have made the above condition endogenous by building in a choice about location of
sales into the household’s utility maximization problem.
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Second, supply of goods must equal demand

d(st) + d∗(st) = y(st), (2.11)

f(st) + f ∗(st) = y∗(st), all st.

Third, assets must be in zero-net supply:

Bd(st+1, s
t) +B∗d(st+1, s

t) = 0, (2.12)

Bf (st+1, s
t) +B∗f (st+1, s

t) = 0, all st.

Definition of Equilibrium

Having formally laid out the model economy, we are now ready to define the

equilibrium.

Definition 38 By competitive equilibrium in this economy, we mean:

• prices pd(s
t), pf (s

t), p∗d(s
t), p∗f (s

t), Q(st+1|st), Q∗(st+1|st), x(st),

• and allocation d(st), f(st), d∗(st), f ∗(st), c(st), c∗(st), Bd(st+1|st),

B∗d(st+1|st), Bf (st+1|st), B∗f (st+1|st)

such that

• given prices, allocation solves household’s problem given by (2.22) and (2.5),

• law of one price (2.10) is satisfied,

• and all markets clear.
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Recursive Formulation

[to be completed]

Characterization of the Equilibrium

Note that because asset markets are complete, and the households can indepen-

dently transfer wealth between any states and dates, the 1st Welfare Theorem applies.

Consequently, the equilibrium allocation is Pareto optimal, and thus solves a planning

problem.

Given that the households are ex-ante symmetric, and so their ex-ante wealth

is the same, the planning problem for this economy is to choose the allocation to

maximize:

max

[
∞∑
t

∑
st∈St

βtπ(st)u(c(st)) +
∞∑
t

∑
st∈St

βtπ(st)u(c∗(st))

]

subject to aggregation constraints

c(st) = G(d(st), f(st)),

c∗(st) = f ∗(st)ωd∗(st)1−ω, all st ∈ St

and and feasibility constraints

d(st) + d∗(st) = y(st),

f(st) + f ∗(st) = y∗(st), all st,

Since in the above problem, periods are not physically connected through the

objective function of the constraint set (no state variables, objective function is time-

separable), wlog, we can recast the above dynamic problem as a sequence of static
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planning problems given by:

max
c,c∗,d,f

[
u(c(st)) + u(c∗(st))

]
subject to

c(st) = G(d(st), f(st)),

c∗(st) = G(f ∗(st), d∗(st)),

and

d(st) + d∗(st) = y(st),

f(st) + f ∗(st) = y∗(st), all st.

Since the above planning problem has a unique solution, the 2nd Welfare Theorem

implies that the CE allocation not only exists, but it unique.

Exercise 39 Prove the equivalence between dynamic problem and a sequence of static

problems formally. HINT: You are asked to show that if an allocation solves one

problem, it solves the other.

Exercise 40 Assume θ = 1 and σ = 1. Show that the solution to the above planning
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problem is of the form:

c(st) = ωω(1− ω)1−ωy(st)ωy∗(st)1−ω,

c∗(st) = ωω(1− ω)1−ωy∗(st)ωy(st)1−ω

d(st) = ωy(st),

d∗(st) = (1− ω)y(st),

f(st) = (1− ω)y∗(st),

f ∗(st) = ωy∗(st), all st.

Exercise 41 Set θ = 1 and σ = 1, and consider financial autarky (no borrowing and

lending possible), i.e.

Bd(st+1|st) = B∗d(st+1|st) = B∗f (st+1|st) = Bf (st+1|st) = 0, all st, st+1.

Show that the allocation under financial autarky is exactly the same as in the complete

asset market economy. Interpret your findings. In particular, answer what it implies

about the dynamics of the trade balance in this economy.

We next proceed to find the supporting prices and complete the characterization

of the equilibrium.

Prices

Let λ(st) be the multiplier on budget constraint, and µ(st) be the multiplier on

the aggregation constraint.
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The first order conditions of the domestic household are given by

c(st) : βπ(st)u′(c(st))− µ(st) = 0,

B(st+1|st) : −λ(st)Q(st+1|st) + λ(st+1) = 0,

B∗(st+1|st) : −λ(st)x(st)Q∗(st+1|st) + λ(st+1)x(st+1) = 0,

d(st) : −µ(st)Gd(d(st), f(st))− λ(st)pd(s
t) = 0,

f(st) : −µ(st)Gf (d(st), f(st))− λ(st)pf (s
t) = 0.

and the first order conditions of the foreign household are

c(st) : βπ(st)u′(c∗(st))− µ∗(st) = 0,

B∗f (st+1|st) : −λ∗(st)Q∗(st+1|st) + λ∗(st+1) = 0,

B∗d(st+1|st) : −λ∗(st)Q(st+1|st)
x(st)

+
λ∗(st+1)

x(st+1)
= 0,

d(st) : −µ∗(st)Gd(f(st), d(st))− λ∗(st)p∗d(st) = 0,

f(st) : −µ∗(st)Gf (f(st), d(st))− λ∗(st)p∗f (st) = 0.

From the first set of equations, we derive

(i) : Q(st+1|st) = βπ(st+1|st)
u′(c(st+1))

u′(c(st))
, (2.13)

(ii) :
x(st)

x(st+1)
Q∗(st+1|st) = βπ(st+1|st)

u′(c(st+1))

u′(c(st))
,

(iii) : pd(s
t) = Gd(d(st), f(st)),

(iv) : pf (s
t) = Gf (d(st), f(st)).

where π(st+1|st) ≡ π(st+1)
π(st)

is the conditional probability of state st+1 conditional on
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st, and from the second set, we have:

(v) : Q∗(st+1|st) = βπ(st+1|st)
u′(c∗(st+1))

u′(c∗(st))
, (2.14)

(vi) :
x(st+1)

x(st)
Q(st+1|st) = βπ(st+1|st)

u′(c∗(st+1))

u′(c∗(st))
,

(vii) : p∗d(s
t) = Gd(f

∗(st), d∗(st)),

(viii) : pf (s
t) = Gf (f

∗(st), d∗(st)).

Note that if prices are normalized so that P ≡ P ∗ ≡ 1, we must have

λ(st) = µ(st).

Exercise 42 Show that λ(st) = µ(st). HINT: Use the fact that at the optimal solu-

tion, by definition of the price index, we have:

pd(s
t)d(st) + pf (s

t)f(st) = P (st)c(st) = P (st)d(st)ωf(st)1−ω.

Exploit the equality to show µ = λ.

Uncovered Interest Rate Parity In the first step, we combine equations (i) and

(ii) to obtain a state-by-state non-arbitrage condition on bond prices:

x(st+1)

x(st)
=
Q∗(st+1|st)
Q(st+1|st)

. (2.15)

Intuitively, this condition says that there are no pure profits taking a short position

on one bond in some states and an offsetting long position on the other bond.

The above condition is closely related to the so called uncovered interest rate

parity. The uncovered interest rate parity states that the domestic risk-free interest

rate must be equal to the foreign risk free interest rate augmented by the expected
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change of the exchange rate between the two periods. In real terms, if we let r denote

an effective13 risk free domestic interest rate on domestic bonds and r∗ denote the

effective risk-free interest rate on foreign bonds, the uncovered interest rate parity

says:

exp(r(st)) = E[exp(r∗(st))
x(st+1)

x(st)
],

which we can rewrite in logs as

r(st) = r∗(st) + logE(
x(st+1)

x(st)
|st).

Since UIP equalizes the expected payoff from the two alternative investment

strategies that shift wealth from today to tomorrow, when agents are risk neutral

and rational, it should be clear why such condition must hold. In particular, in

such case, it follows directly from condition (2.15) listed above—but not all the way

around.

However, when the agents are risk averse, the state-by-state non-arbitrage condi-

tion turns out to be not equivalent to the UIP condition. The reason is that investment

in the home risk-free bond is risk free for the home households, but investment in the

foreign bond is not due to stochastic movements of the real exchange rate that may

be potentially correlated with consumption. Thus, in general, the model may not or

may predict that UIP should hold. In what follows, we will investigate to what extent

it does.

Before we proceed, it is convenient to adopt the standard language of finance and

define the conditional pricing kernels14 (called also stochastic discount factor SDF)

13The definition of an effective return of a bond is r = −logP , where P is the per-unit price of
the bond. The formula comes from the idea that compounding is continuous, and so the future value
of the price of the bond under continous compounding must be equal to the promised payoff of the
bond (=$1): 1$=lim n→∞P(1+ r

n )n = P exp(r), and so r = −logP.
14Pricing kernel is a price of one unit of payoff in state st+1 (following history st) under an

abstract assumption that state st+1 occurs with probability 1.
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that isolate the probabilities from the state contingent prices Q and Q∗. In our model,

they are given by

M(st+1|st) =
Q(st+1|st)
π(st+1|st)

,

M∗(st+1|st) =
Q∗(st+1|st)
π(st+1|st)

.

The reason why it is more convenient is because using the conditional pricing

kernels we can simply price assets using an expectation operator, and that simplifies

notation.15 For example, in the case of one-period forward assets, we can price it as

follows:

(Price of asset) = E[M(st+1|st)× (payoff of asset at st+1)|st],

which can be written as

(Price of asset) = Et[M × (payoff of asset at t+ 1)].

Moreover, dividing both sides of the above equation by the price of the asset, we

can write

1= Et[M × (implied return on asset at t+ 1)].

In equilibrium, such condition must hold for all assets that are traded (with no fric-

tions). Otherwise, the risk averse agent, with kernel M, could profit from arbitrage.

Going back to our model, we let r be the effective return on a one period forward

risk-free domestic bond denominated in domestic composite consumption, and we let

r∗ to be the effective return on a one period forward risk free foreign bond (denom-

15It also makes the applications of probabilistic calculus more straightforward (without going
through the integrals, we can use the formulas readily available).
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inated in foreign consumption). Given pricing kernels defined above, in equilibrium,

the domestic household must be indifferent whether to invest in any of the two assets,

and so:

1 = Et[M ×
xt+1 exp(r∗t )

xt
],

1 = Et[M × exp(rt)].

(The above conditions would be endogenously implied by FOC if the budget constraint

additionally included risk-free assets in the household problem.)

Combining the above asset pricing equations, we obtain

Et[M × exp(rt)] = Et[M ×
xt+1exp(r

∗
t )

xt
],

which in log terms implies

rt − r∗t = logEt[M ×
xt+1

xt
]− logEt[M ].

Using (2.15), we next note that

logEt[M ×
xt+1

xt
] = logEt[M

∗].

Substituting into the previous expression, we derive

rt − r∗t = logEt[M
∗]− logEt[M ], (2.16)

which in combination with the expression derived from taking expectation of the log

of equation (2.15),

Et log
x(st+1)

x(st)
= Et[logM∗]− Et[logM ], (2.17)
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gives

rt − r∗t = logEt[M
∗]− logEt[M ] =

= logEt[M
∗]− logEt[M ] +

+

[
Et[log

x(st+1)

x(st)
]− Et[logM∗] + Et[logM ]

]
.

Defining the residual as risk premium Pt (risk premium essentially means residual)

Pt ≡ [logEt[M
∗]− Et[logM∗]]− [logEt[M ]− Et[logM ]] +

+Et log
x(st+1)

x(st)
− logEt

x(st+1)

x(st)

we can write the UIP condition implied by the the model as

rt = r∗t + logEt
x(st+1)

x(st)
+ Pt.

To understand the intuition behind the above equation, it is instructive to consider

a special case of pricing kernels and real exchange rate growth rate that are log-

normally distributed. The trick here is that in the case of a lognormally distributed

random variable, we can easily evaluate the expectation of this variable by exploiting

the following fact:

X ∼ log normal (2.18)

E(X) = eµ+σ2/2,

where µ is the mean of logX (which is normally distributed), and σ2 is the variance

of logX.

Exercise 43 Prove the above property by integrating over the normal distribution.
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So, let’s assume that logM , logM∗ and log xt+1

xt
are both normally distributed. In

such case, from (2.18), we have

logEt[M ] = log eEt[logM ]+V art[logM ]/2,

logEt[M
∗] = log eEt[logM∗]+V art[logM∗]/2,

logEt[
xt+1

xt
] = log e

Et
[
log

xt+1
xt

]
+V art

[
log

xt+1
xt

]
/2

thus

Pt =
V art [logM∗]

2
− V art [logM ]

2
−
V art

[
log xt+1

xt

]
2

,

and

rt = r∗t + logEt[
x(st+1)

x(st)
] + Pt, (2.19)

where Et and Vart denote conditional expectation based on the information available

at t and conditional variance based on the information available at t, respectively.

The above simplified equation is much easier to interpret and understand. It

simply says that the return on the domestic risk free bond adds a premium (potentially

time-varying) whenever the difference between the conditional volatility of the foreign

pricing kernel and domestic pricing kernel differs, or alternatively conditional variance

of the real exchange rate growth differs.

This above result can be understood as follows. Since the depreciation of the real

exchange rate is correlated with the domestic pricing kernel, we should expect that

either long- or short position in the foreign bond market is a good hedge for domestic

households against their consumption risk. For the sake of argument, say that a long

position on the foreign bond hedges home households.16 Consequently, in order to

hedge consumption risk, the domestic country household could take a short position

on the domestic country bond and a long position on the foreign country bond.

16What this means is that the pricing kernel M positively covaries with the payoff of the bond
xt+1

xt
r∗, and so the bond pays off exactly when the household needs more consumption (is hungry).
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Similarly, the foreign country household could take a long position on the domestic

country bond and a short position on the foreign country bond. Now, because these

position would be exactly offsetting, as long as there is symmetry in consumption

risk across countries, the market for bonds can clear, and neither bond is traded at

a premium. However, there is a flip side to this argument. Whenever symmetry is

distorted in some way, so that one of the countries faces higher consumption risk

as measured by vart(M), the demand and supply for the bonds will no longer be

balanced. As a result, one of the bonds will have to be traded at a premium for the

market to clear. This is exactly what the risk premium term Pt captures.

(The second ‘real exchange rate’ term is just a mechanical implication of Jensen

inequality and volatility of real exchange rate, and doesn’t play a major role in devi-

ations from UIP in the data.)

Exercise 44 Assume, you know the state contingent effective rate of inflation both at

home and abroad. Let the notation for inflation be Π(st), and Π∗(st), to distinguish

inflation from the state-contingent probabilities. Assuming log-normality whenever

needed, derive the deviations from the nominal version of the UIP in our model.

HINT: Real exchange rate is linked to nominal exchange rate e by the following rela-

tion x = eP ∗

P
, and so xt+1

xt
= et+1

et

exp(Π∗(st))
exp(Π(st))

.

Forward Premium Puzzle Despite its theoretical appeal and simplicity, there is

little evidence supporting the uncovered interest rate parity in the data. The UIP

relation has been tested widely by running a regression of interest rate premia r− r∗

on the real exchange rate changes (called Fama regression). According to the UIP

hypothesis, the implied regression coefficient should be positive, and close to 1. The

puzzling finding is that it is significantly negative and its value is around17 -3, which

is referred to as the forward premium anomaly or the UIP puzzle.

17See the survey by Engel (1996).
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Clearly, from the perspective of a risk neutral agent, the failure of the UIP relation

implies that there are excess returns from taking a short position on the low interest

rate currencies (like Japan), and by taking an offsetting long position on the high

interest rate currencies (like Poland). This strategy is called ‘carry trade’, and it is

actually exploited by investors (and they do make money!). Of course, this does not

necessarily imply that the ‘carry trade’ strategy is a good deal for a risk averse agent,

as the historically observed premium may be simply a compensation for risk. The

literature has tried to identify the risk factor associated with the forward premium,

and has so far failed to identify one.

The question is whether our model, which does imply some deviations from UIP,

can account for the negative regression coefficient. Unfortunately, the answer is nega-

tive. In our model, the term Pt is not going to move much, and UIP will approximately

hold.18 Our next task is to demonstrate this property of the model.

To this end, let’s take a look at the analytical case with log utility and Cobb-

Douglas utility function. In this case, we know that

V art [logM ] = V art

[
log β

ct+1

ct

]
=

= V art

[
log βωω(1− ω)1−ω yt+1

yt

ω y∗t+1

y∗t

1−ω]
=

= V art

[
ω log

yt+1

yt
+ (1− ω) log

y∗t+1

y∗t

]
.

Assuming the standard AR(1) stochastic process for income,

log yt+1 = ρ log yt + εt,

18It is called forward premium puzzle because the interest rate differential can be expressed as
a difference between the forward exchange rate and spot exchange rate, ft − st = r − r∗. This is a
completely risk free arbitrage condition, as here the investor needs to buy a foreign bond and at the
same time a future contract for the exchange rate. This relation, called covered interest rate parity,
holds in the data. The term ft − st is called forward premium.
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we calculate (note: variance is conditional on period t and so Et log yt is just a known

constant here)

V art [logM ] = V art

[
ω log

yt+1

yt
+ (1− ω) log

y∗t+1

y∗t

]
=

= ω2V art[log yt+1] + (1− ω)2V ar[log y∗t+1]+

2ω(1− ω)Covt[log y∗t+1, log yt+1] =

= ω2V art[εt+1] + (1− ω)2V ar[ε∗t+1]+

+2ω(1− ω)Covt[ε
∗
t+1, εt+1]

and thus under symmetry (i.e. V art[εt+1] = V art[ε
∗
t+1]) :

V art [logM∗]

2
− V art [logM ]

2
= 0.

The above finding is not just a property of the particular log/Cob-Douglas case.

A similar property holds more generally. In fact, it is not an easy task to generate

sensibly looking fluctuations of the risk premium in this class of models. The problem

seems to be the conditioning on the information from period t that shows up in the

formula for risk premium Pt. To have any time-varying fluctuations, the model has

to generate heteroscedasticity in either the uncertainty structure or the sensitivity of

the pricing kernels to uncertainty. One of the features that can give rise to the latter

are market segmentation and habit formation. This has been documented in the

following papers: Atkeson, Kehoe and Alvarez (2008): “Time-Varying Risk, Interest

Rates, and Exchange Rates in General Equilibrium”, Minneapolis FED Staff Report

371, September, and Verdelhan (2008): “A Habit-Based Explanation of the Exchange

Rate Risk Premium”, Journal of Finance, forthcoming.19 Some authors also try to

19In the first paper mentioned above, the pricing kernel M and M∗ is the pricing kernel of
only active traders in a given moment of time, and exhibits time-varying sensitivity to shocks. In
the second paper, the conditional variance of the kernel is time-varying due to time-varying risk
aversion in the habit model. An alternative way to go, more difficult to discipline, is to play with
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account for this fact by models exhibiting ambiguity aversion (robust control).

Real Exchange Rate and Risk Sharing In this environment, real exchange

rates are tightly linked to relative consumption. Combining equations (i) and (vi) to

substitute out for Q(st+1, s
t), a recursive equation for the real exchange rate can be

obtained:

x(st+1) = x(st)
u′(c(st))

u′(c(st+1))

u′(c∗(st+1))

u′(c∗(st))
.

Using the fact that in state s0 is deterministic, under the assumption of ex-ante

symmetry, one can collapse the above recursive law by solving it backwards, and write

instead

x(st) =
u′(c∗(st))

u′(c(st))
. (2.20)

The above equation is probably the most famous equation in international eco-

nomics. It says that households trade assets to equalize the MRS of consumption

abroad to consumption at home so that it aligns with the relative price of consumption

abroad to consumption at home. A a result, to the first approximation, a household

consumes more in a given state and data if and only if its consumption is cheaper in

this state and data.

The above condition would not be that surprising, if the MRS pertained to the

same household. It would then say that the household optimally trades off con-

sumption of c∗ and c — a standard optimality condition to maximize total utility.

However, the MRS here pertains to two marginal utility of two separate households

in two different countries. Nevertheless, the model predicts that these household will

trade assets, and effectively act as if they were a family maximizing the joint utility.

In this sense, we can say that this equation represents perfect risk sharing, and refer

to this condition as perfect risk sharing condition.

the uncertainty structure of the model and introduce time-varying exposure to shocks. Some work
along these lines you can find in the most recent paper by Lustig, Roussanov, Verdelhan (2008).
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Implications of Perfect Risk Sharing for Real Exchange Rates It is not

difficult to see that our model may have a hard time to match the real exchange

rate and consumption data simultaneously. The real exchange rates in the data are

volatile, persistent (almost indistinguishable from random walks in short time-series),

and not very correlated with anything else.20 Consumption is persistent, but the least

volatile among aggregate variables due to consumption smoothing.

For example, a simple model with log utility and Cob-Douglas aggregator would

fall short at least by a factor of 4 in terms of volatility, presuming it accounts for

the consumption data. To see this, evaluate the standard deviation of both sides of

(2.20)

var(log x) = var(log(c)− log(c∗)).

Using variance decomposition (denote var(log x) ≡ varx),

varx = (varc + varc∗ − 2corrc,c∗stdc∗stdc),

under symmetry (stdc = stdc∗), we have:

stdx
stdy

=
stdc
stdy

√
2(1− corrc,c∗).

Now, for the US data (versus rest of the world)21, we roughly have: stdx
stdy

= 3,

stdc
stdy

= 3
4
, and corrc,c∗ = 1

4
. Plugging in these moments to the above equation, we

obtain

stdx
stdy

=
3

4

√
2(1− 1

4
) =

3

4

√
6

4
=

3
√

6

8
= 0.92. (2.21)

This is about 3 times less than the value in the data.

At this point, you might be tempted to think that a mere departure from log

utility to CRRA utility u(c) = c1−θ

1−θ should fix it. For CRRA, the analog of the above

20Real exchange rates in the data closely track nominal exchange rates.
21See Drozd and Nosal (2008), Table 7.
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condition would say:

var(log x) = σ2var(log(c)− log(c∗)),

and then

stdx
stdy

= σ
stdc
stdy

√
2(1− corrc,c∗).

So, superficially, it seems that matching the data in terms of volatility, should be

just a matter of picking the right value of σ. For example, for the statistics we listed

above, we would need to pick

σ ' 3.

Unfortunately, the problem is much deeper than that. The problem is that models

will also typically underpredict the volatility of stdc
stdy

and overstate the correlation

corrc,c∗ . As a result, the same calculation but using the values implied by the models

will look much worse. Moreover, in the models with explicitly set up supply-side

(physical capital accumulation; labor/leisure choice), a higher value of σ will create

an additional incentive to smooth consumption using the supply-side channels, and

the smoother consumption will additionally offset the effect of an increased value

of σ through these statistics. Consequently, the resulting models with high σ might

neither match consumption data nor the real exchange rate data. The literature refers

to this problem as the real exchange rate volatility puzzle.22

To some extent, our simple model also suffers from the problem described above.

Using the solution from exercise (40), we can plug in to the perfect risk sharing

equation to derive:

x = (
y

y∗
)(2ω−1).

Since our domestic country is US, to match the share of imports in US GDP, ω would

22Obstfeld and Rogoff (2000) give a nice overview of the 6 main puzzles of international economics.



CHAPTER 2. INTERNATIONAL BUSINESS CYCLE 110

have to be something around .85 (this is the share of expenditures on foreign goods

in total expenditures), and we would have

log x =
1

2
(log(y)− log(y∗)).

Given that output is highly correlated across countries (about .4), under symmetry,

we thus must have

stdx
stdy

= 1− corry,y∗ = 0.6.

Comparing the above result to (2.21), we see that the model performs much worse

than it potentially could according to (2.21). The problem is that consumption is

counterfactually more correlated than output (in the data the opposite is true). Con-

sequently, for our model to match the data, we need to make the real exchange rate

at least 5 times more volatile, which is way more than required according to (2.21).

In the endowment economy, it is still possible to match real exchange rate volatility

by increasing σ to 6 or 7. Nevertheless, also in this problem the relationship between

σ and real exchange volatility will be far from 1 to 1. The problem is that a high value

of σ creates and additional incentive to trade more intensively to further improve on

consumption smoothing. (We would have to simultaneously set γ low and σ high—

this can help mechanically.)

In terms of the correlation of the real exchange rate with the consumption ratio

c
c∗

, the model fares as bad as in terms of volatility. Namely, according to equation

(2.20) implies that the correlation of the real exchange rate with consumption ratio

should be one. In the data, this correlation is negative (around −0.2). The problem

with correlation is known in the literature as Backus-Smith puzzle.23

23The orginal reference is Backus and Smith (1993). See also Corsetti, Dedola and Leduc (2007).
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Terms of Trade and Export-Import Prices The model has predictions on 3

other basic international prices: (i) the real export price x(st)p∗d(s
t) = pd(s

t), (ii) the

real import price pf (s
t), and (iii) the terms of trade

pf (st)

x(st)p∗d(st)
(price of imports in

terms of exports).

In the data, we can construct these prices by looking at the aggregator deflator

price of imports or exports, and divide it by the CPI to make it real.24 The deflator

price is defined as a ratio of the nominal value of a variable divided by the constant

price value of the variable. Terms of trade is defined as the ratio of the deflator price

of imports relative to the price of exports.

According to the model, all these three prices should be closely related to the

terms of trade, which we will illustrate using our simple log/Cobb-Douglas case.

These properties, however, hold more generally.

In the Cobb-Douglas case, the ideal CPI can be expressed as a weighted average

of the prices of good d and f, i.e.25

P = pωdp
1−ω
f .

and abroad

P ∗ = p∗ωf p
∗1−ω
d .

Given that the CPI is a numeraire here (P ≡ 1), we can derive the real export price

from the following evaluation

px ≡
xp∗d
P

=
pd

pωdp
1−ω
f

= (
pf
pd

)ω−1,

24In the data, weights in the CPI are kept constant for a couple of years and do not represent
optimal wights at all times. Fixing weights to measure CPI in the model has almost no effect on
the time-series of the CPI.

25Precisely, P = ω−ω(1− ω)−(1−ω)pωd p
1−ω
f
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and the real import price from

pm ≡
pf
P

=
pf

pωdp
1−ω
f

= (
pf
pd

)ω.

As we can see, both prices are tightly linked to the terms of trade, which is defined

as:

p ≡ pf
xp∗d

=
pf
pd
.

Furthermore, the real exchange in this environment is also intimately linked to the

terms of trade, and thus to the other prices. By definition, the real exchange rate is

given by the ratio of the foreign CPI to the domestic CPI measured in a common unit.

By the law of one price and assumed by us numeraire normalization (P ∗ ≡ P ≡ 1),

we obtain the real exchange rate from the following evaluation:

x ≡ xP ∗

P
=
x(p∗ωf p

∗1−ω
d )

pωdp
1−ω
f

=
pωf p

1−ω
d

pωdp
1−ω
f

= (
pf
pd

)2ω−1.

On the basis of the above formulas, we thus conclude that under the conditions

of home-bias (i.e. 1
2
< ω < 1

2
), the model has very sharp predictions how these 3

aggregate price should move. First, the correlation between the real export price and

the real import price should be -1, second, the correlation of real export price with

the real exchange rate should be -1, and third, the terms of trade should be more

volatile than the real exchange rate.

Export-Import Price Correlation Puzzle As we can see from Tables 2.1-2.2

and Figure 2.2), none of these predictions listed above are consistent with the data

for any of the 12 countries in our sample. In fact, the opposite is true in the data.

The real export and the real import prices are highly positively correlated, and the
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Figure 2.2: Comparison of real exchange rate with terms of trade (linearly detrended
data).

terms of trade is much less volatile than the real exchange rate.26 All prices, pretty

much move with the real exchange rate. Following Drozd and Nosal (2008), we refer

to these problems as: (i) export-import price correlation puzzle and (ii) terms of trade

relative volatility puzzle.

Summary We summarize all our findings for prices in Table 2.3. (We should stress

that these are all predictions that the corresponding closed economy version of the

model would not have.)

26There are reasons to actually argue that the terms of trade in the model severly understantes
the volatility of the terms of trade in the data. In the data, crude oil enters asymmetrically into
import price, and by being very volatile price, increases volatility of the terms of trade. Since there
is no crude oil in the model, we should remove it from the data and then compare the volatilities.
In such case, the volatiltiy of the terms of trade relative to the real exchange rate falls further by
about 50% wrt to Table X.
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Table 2.1: Real export and real import prices.sa

Correlation Relative volatilityb to x (%)

Country px, pm px, x pm, x p, x px pm p

Belgium 0.93 0.71 0.73 0.43 105.3 131.7 50.5

Canada 0.77 0.55 0.90 0.56 75.8 79.4 52.8

Switzerland 0.62 0.50 0.85 0.77 38.2 83.0 66.5

France 0.90 0.63 0.66 0.59 74.5 149.9 89.2

Germany 0.58 0.44 0.85 0.83 33.1 101.4 86.6

Italy 0.87 0.65 0.69 0.60 55.9 116.5 73.3

Japan 0.88 0.92 0.88 0.72 38.8 86.1 55.3

Netherlands 0.94 0.77 0.81 0.15 130.9 134.1 47.0

US 0.74 0.39 0.71 0.67 37.0 58.6 40.0

Australia 0.45 0.32 0.94 0.83 42.1 70.4 63.8

Sweden 0.88 0.58 0.71 0.55 58.7 76.1 37.1

UK 0.90 0.59 0.78 0.64 58.4 69.1 30.6

Median 0.87 0.58 0.80 0.62 57.1 84.6 54.1

apx, pm denote real export and import prices, p ≡ pm
px

denotes terms of trade, x trade weighted real exchange

rate. Statistics based on logged & HP filtered quarterly series for the period 1980:1-2000:1. Data sources
listed in the Appendix.
bRelative volatility is the standard deviation relatively to the standard deviation of the country’s real exchange
rate

2.4 Basic Supply-Side Extensions

This section extends the basic setup we have discussed above to incorporate pro-

duction and labor-leisure choice along the lines of Backus, Kehoe and Kydland (1995)

model (BKK hereafter).

At this point, it is important to stress that capital accumulation does not invalidate

any of the findings from the previous section. Capital accumulation and production

both pertain to the upstream structure of the model, and since we have not relied

upon the particular properties of the endowment process, our results still stand.

(Labor-leisure choice may invalidate some of our finding, but it does not. We will

demonstrate it later quantitatively.)
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Table 2.2: Relative volatility of the terms of trade.

Volatility of p relative to x (in %)

Price index used to constructa x

Country CPI all-items WPI or PPI None (nominal)

Australia 0.51 0.54 0.60

Belgium 0.57 0.70 0.47

Canada 0.56 0.76 0.61

France 0.80 0.74 0.73

Germany 0.83 0.81 0.80

Italy 0.75 0.79 0.77

Japan 0.52 0.54 0.55

Netherlands 0.52 0.49 0.44

Sweden 0.21 0.21 0.37

Switzerland 0.71 0.68 0.67

UK 0.30 0.32 0.37

US 0.31 0.33 0.28

MEDIAN 0.54 0.61 0.57

Notes: We have constructed trade-weighted exchange rates using weights and bilateral exchange rates for the
set of 11 fixed trading partners for each country. The trading partners included in the sample are the countries
listed in this table. Statistics are computed from logged and H-P-filtered quarterly time-series for the time
period 1980:1-2000.01 (λ =1600). Data sources are listed at the end of the paper.
aRER constructed these indices instead of the CPI.

Physical Capital Accumulation

To incorporate investment, capital and production to our economy, we must mod-

ify the household’s problem to include capital accumulation decision and split up

income into various factor payments. The modified problem of the household is given

by:

U = max
∞∑
t

∑
st∈St

βtπ(st)u(c(st)) (2.22)

subject to

c(st) + i(st) = G(d(st), f(st)),

gk(st+1) = (1− δ)k(st) + i(st),
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Table 2.3: Summary of the puzzles on prices.

Statistic Data Model
UIP coefficient around −3 around 1
std(x)/std(y) between 3 and 6 less than 1
corr(x, c

c∗
) negative +1

corr(px, pm) highly positive −1
corr(px, x) highly positive −1
std(p)/std(x) less than 1 more than 1

and

pd(s
t)d(st) + pf (s

t)f(st) +

+
∑
st+1∈S

Q(st+1|st)Bd(st+1, s
t) +

+
∑
st+1∈S

x(st)Q∗(st+1|st)Bf (st+1, s
t)

= Bd(s
t) + x(st)Bf (s

t) + w(st) + r(st)k(st) + Π(st),

where g is some constant that will turn out helpful later.

As we can see, the representative household uses the composite good for both

consumption and investment, and its income includes labor income, capital income

and profits paid by firms (equal to zero in equilibrium).

In addition, we introduce a competitive firm that by maximizing profits makes the

decision how to optimally combine capital and labor to produce output. Its objective

is formalized by the choice of allocation

D(st), D∗(st), k(st), l(st),

to maximize

Π(st) = pd(s
t)D(st) + x(st)p∗d(s

t)D∗(st)− w(st)l(st)− r(st)k(st), (2.23)
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subject to the production constraints

D(st) +D∗(st) = k(st)α(A(st)l(st))1−α.

Market clearing in the extended setup additionally requires that the supply of

each type of good by the firms equals the demand:

d(st) = D(st), (2.24)

d∗(st) = D∗(st),

f(st) = F (st),

f ∗(st) = F ∗(st),

and that the labor market clears:

l(st) = 1, (2.25)

l∗(st) = 1.

Remark 45 The particular parameterization of the production function using Cobb-

Douglas utility function is justified by the fact that share of payments to labor in

output is roughly constant in the data (one of the Kaldor’s growth facts)—suggesting

a unit elasticity between labor and capital in the aggregate production function.

Exercise 46 Demonstrate that the model with capital laid out above is equivalent to

a combination of our prototype endowment model with an additional problem solved

by a representative international firm given by:

max
∑
t

∑
st

βtQ̂(st)[pdy(st) + pf (s
t)y∗(st)]
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subject to

y(st) = A(st)1−αk(st)α − Id(st)− I∗d(st)

y∗(st) = A∗(st)1−αk∗(st)α − If (st)− I∗f (st)

i(st) = G(Id(s
t), If (s

t)),

i∗(st) = G(I∗f (st), I∗d(st)),

gk(st+1) = (1− δ)k(st) + i(st),

gk∗(st+1) = (1− δ)k∗(st) + i∗(st),

where g is some constant (can be 1), and Q̂(st) is defined recursively as Q̂(st) ≡

Q̂(st−1)Q(st|st). HINT: Use the fact that first order conditions are necessary and

sufficient, equilibrium exists and is unique.

Labor/Leisure Choice

In the baseline model, households inelastically supply all the labor. To incorporate

labor/leisure choice, we will use the following utility function:

u(c, l) =
(cη(1− l)1−η)1−θ

1− θ
.

(Note that with labor-leisure choice, the existence of balanced growth path requires

technological progress to be labor augmenting, i.e. y = kα(Al)1−α.)

Remark 47 The choice of this utility function is justified by the fact that per capita

leisure in the post-war period is roughly constant. At the same time, real wages

have been increasing steadily. Taken together, these two observations suggest a unit

elasticity between consumption and leisure, which is assumed above.

To characterize the equilibrium, in the set of our first order conditions, we would

need to additionally include the following equations: (i) Euler equation for capital:
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uc
(
st
)
g = βEst [uc

(
st+1

) (
(1− δ) + r

(
st+1

))
], (2.26)

(ii) labor leisure choice condition:

ul (s
t)

uc (st)
= −w

(
st
)
, (2.27)

and (iv) factor prices:

r(st) = αpd(s
t)k(st)α−1(A(st)l(st))1−α,

w(st) = (1− α)A(st)pd(s
t)k(st)α(A(st)l(st))−α,

where analogous conditions for the foreign country apply.

Final remarks on the complete asset market assumption? At this point, you

may wonder to what extent it makes sense to assume completeness of asset market?

To what extent the results discussed above carry through to economies that restrict

the asset span?

Surprisingly, the answer is that the assumption completeness of asset markets is

almost without loss of generality in this particular environment. Specifically, it turns

out that the allocation in an analogous frictionless model with incomplete markets27

exactly coincides with the allocation of the complete asset market economy. Conclud-

ing, if we one believes that the allocation in the data is far away from a complete asset

market allocation, one should rethink the assumptions that make this ‘equivalence

result’ hold, which is obviously way more difficult.

The key thing that makes the restriction of asset space not so relevant in this

class of models is that under incomplete markets, a portfolio of different types of

27By incomplete markets I mean a symmetric setup in which either two state uncontingent bonds
are traded, domestic and foreign, or households can hold domestic or foreign equity.
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bonds can deliver almost full risk sharing. The key reason is that when, for example,

the exchange rate appreciates during recessions, by simply taking a short position

on the home-bond and a long position on the foreign bond, the household can hedge

its consumption risk and obtain this state of the world a transfer from abroad. A

similar completion of markets can be achieved more generally using a set of bonds but

with a different maturity. These results have been established in the series of papers

by Lucas (1982), Gourinchas and Coeurdacier (2008), Heathcote and Perri (2007),

and under sticky prices, Engel and Matsumoto (2008). Typically, to get any action

from incompleteness of market, the literature considers the asymmetric case of only

one state uncontingent bond (denominated in, say, foreign consumption). Also, with

more types of shocks, two bonds may not in general be sufficient to provided full risk

sharing, and again restriction of asset span may matter. It is not obvious, however,

how to depart from the complete markets in a way that is sensible and at the same

time gives some action.

To setup an incomplete markets economy, we typically restrict attention to state

uncontingent asset span of payoffs in the domestic numeraire at home and in the

foreign numeraire abroad. This restriction imposes the following feasibility on bond

trade:

Bd(st+1|st) = Bd(s
′
t+1|st),

Bf (st+1|st) = Bf (s
′
t+1|st),

B∗d(st+1|st) = B∗d(s
′
t+1|st),

B∗f (st+1|st) = B∗f (s
′
t+1|st), all st+1, s

′
t+1, s

t.

It can be imposed either directly on the household’s problem (i.e. built into notation),

or as a feasibility restriction.28

28Sometimes researcher restrict trade to just one bond. In such case, risk sharing can be hindered.
However, this friction seems to be somewhat arbitrary.
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2.5 Calibration

Our model economy is parameterized by the following 5 parameters (σ, θ, ω, η, α),

and the stochastic process that governs the technology shocks: A and A∗. Since it

is difficult and also pointless to explore the implications of the model for all possible

combinations of the parameters, real business cycle literature calibrates the values

of the parameters so that the model is broadly consistent with the facts that do not

pertain to the business cycle directly, where calibrating means to standardize as a

measuring instrument.

The basic idea underlying calibration is to exploit the fact that business cycle

models also have long-run and cross-sectional predictions (first moments), and it is

reasonable to require that the parameter values are such that the model is consistent

with these observations (e.g. share of leisure in time endowment, or depreciation of

capital etc...).29

To calibrate the model, we identify the domestic country with the US, and the

foreign country with an aggregate of 15 major European countries plus Switzerland,

Japan, Canada, and Australia. Whenever possible, we assume symmetry and use the

US data to calibrate a parameter, and only when necessary use the data from rest of

the world.

Since there are many parameters to calibrate, it is convenient to separate our

analysis to the choice of parameters that are common to the open economy and the

underlying closed economy, and then consider separately the parameters specific to

the open economy.

29In other words, the calibration starts from the premise that the same model should be used
to account for both the business cycle and the long-run observations, as the theory bundles these
aspects together. In dynamic macroeconomics, the distinction between a growth model and business
cycle model is artificial—this is the implication of the theory.
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Parameters common to open economy and closed economy

In this section, we calibrate the values of the parameters that are common to open

economy model and the underlying closed economy model. To calibrate their values,

we require that the balanced growth path implications of the model are consistent

with the long-run mean values in the US data. This group includes: α, β, δ, θ.

The references for the procedure we follow below are: (1) the classic paper30 by

Cooley and Prescott, “Economic Growth and Business Cycle,” in Thomas Cooley, ed.,

”Frontiers of Business Cycle Research,”, Princeton, NJ: Princeton University Press,

1995, pp.1-38, and two more recent papers by (2) Gomme, Paul & Peter Rupert

(2007): “Theory, Measurement and Calibration of Macroeconomic Models”, Journal

of Monetary Economics, Volume 54, Issue 2, March 2007, Pages 460-497, and (3)

Gomme, Rupert, Ravikumar (2006): “Returns to Capital and the Business Cycles,”

Federal Reserve Bank of Cleveland WP06-03, Feb. With respect to these papers, our

analysis below will be simplified. For example, we will ignore an explicit consideration

of taxes in the model, home production, or durable consumption. (It won’t change

much the values of parameters, though.)

Under the assumption of symmetry, it is not difficult to see that the following

standard neoclassical growth model describes the balanced growth path of our two

country model (each country separately, as well as the entire world):

max
∞∑
t

β̂t
(Cη

t (Nth− Lt)1−η)1−θ

1− θ
(2.28)

30The book is a bit out of date, especially in terms of methods. Nevertheless, I encourage you to
read this paper and the BKK 95 paper included in chapter 11.
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subject to

Ct + It = Yt,

Yt = Kα
t (γtLt)

1−α

Kt+1 = (1− δ)Kt + It,

where capital letters stand for aggregate variables, γ is labor augmenting technological

progress and Nt is the size of the working age population, and h is the total time

endowment of non-sleeping hours per working age person (assumed 7 x 15h per day

= 105h per week).

The working age population size is assumed to be equal to the product of a

constant share of working age population in total population times the size of the

total population Pt that grows at some constant rate ζ. These assumptions, up to

the fluctuations in the share due to WWII baby-bust and post-war baby-boom, are

consistent with the data, as illustrated in Figure 2.3.

Since the share of working age population in total population is roughly constant,

we may normalize Nth
Pt

to 1 and translate the model to per capita terms by defining

the corresponding per capita variables as follows: Ct = ζtct, Kt = ζtkt, Lt = lhNt =

lζt, Nt = ζt/h, Pt = ζt (where ζ = Pt+1

Pt
denotes population grow). Substituting out

and simplifying whenever possible, we obtain

max
∞∑
t

βt
(cηt (1− lt)1−η)1−θ

1− θ
(2.29)
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Figure 2.3: Share of working age population and population growth in the US.



CHAPTER 2. INTERNATIONAL BUSINESS CYCLE 125

subject to

ct + it = yt,

yt = kαt (γtlt)
1−α

ζkt+1 = (1− δ)kt + it,

where β ≡ β̂ζ.

The first order conditions to the maximization problem stated above can be de-

rived from the following Lagrangian

L =
∑
t

βt
(cηt (1− lt)1−η)1−θ

1− θ
−
∑
t

λt(ct + ζkt+1 − (1− δ)kt − kαt (γtlt)
1−α).

The first order conditions are:

βtηcη−1
t (1− lt)1−η(cηt (1− lt)1−η)−θ = λt,

βt(1− η)cηt (1− lt)−η(c
η
t (1− lt)1−η)−θ = λtγ

t(1− α)kαt (γtlt)
−α,

λtζ = λt+1[(1− δ) + αkα−1
t+1 (γt+1lt+1)1−α],

and can be compactly summarized by the following 3 conditions: (i) the familiar

Euler equation

ζ =
βc−1

t+1(cηt+1(1− lt+1)1−η)1−θ

c−1
t (cηt (1− lt)1−η)1−θ [(1− δ) + αkα−1

t+1 (γt+1lt+1)1−α], (2.30)

(ii) labor/leisure choice condition

ct
1− lt

1− η
η

= γt(1− α)kαt (γtlt)
−α, (2.31)
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and (iii) aggregate feasibility condition

ct + ζkt+1 − (1− δ)kt = kαt (γtlt)
1−α. (2.32)

The supporting prices (gross rental price of capital and the wage rate) can be

calculated as follows:

rt = αkα−1
t (γtlt)

1−α, (2.33)

wt = (1− α)γtkαt (γtlt)
−α.

Balanced Growth Path Here, we solve for the balanced growth path (BGP) of

this model. By definition, the balanced growth path is given by:

ct = γtcĉ, (2.34)

kt = γtkk̂,

it = γti ı̂,

yt = γtyŷ,

lt = γtl l̂,

where γj denotes the growth rate of the corresponding variable j, and ·̂ are the initial

values of the variables.

Our task is to find the growth rates γc, γk, γi, γy,γl and initial values ĉ, k̂, ı̂, ŷ, l̂ so

that the implied balanced growth path sequence {ct, kt, it, yt, lt}t solved the planning

problem stated above. The proposition below establishes that in this model all vari-

able except stationary leisure grow at the same rate γ—a property that is broadly

consistent with the growth experience of the industrial countries.

Proposition 48 The model given by (2.29) has a unique balanced growth path (BGP)
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that satisfies

γc = γk = γi = γy = γl = γ, γl = 1,

and the initial values ĉ, k̂, ı̂, ŷ, l̂ are given by the solution to the following system: (i)

Euler’s equation

ζ = βγη(1−θ)−1[(1− δ) + α
ŷ

k̂
], (2.35)

(ii) labor/leisure choice condition

ĉ

1− l̂
1− η
η

= (1− α)
ŷ

l̂
, (2.36)

and (iii) aggregate feasibility condition

ĉ+ γζk̂ − (1− δ)k̂ = ŷ, (2.37)

ŷ = k̂αl̂1−α,

ı̂ = γζk̂ − (1− δ)k̂.

The supporting equilibrium prices can be found from:

r = α
ŷ

k̂
, (2.38)

wt = γt(1− α)
ŷ

l̂
.

Proof. Since we know that the solution to the planning problem stated in (2.29) is

unique up to the given value of initial capital, it is sufficient to show that the proposed

balanced growth path (2.34) solves the model, and the conditions (i)-(iii) uniquely

pin down the values of ĉ, k̂, ı̂, ŷ, l̂.

Clearly, equations (2.35)-(2.38) have been obtained by substituting out for allo-

cation from the balance growth path into the first order conditions given by (2.30)-

(2.33). To show that they imply a unique solution for ĉ, k̂, ı̂, ŷ, l̂., we will solve for this
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solution explicitly. To this end, observe that from the first equation, we can find the

value of ŷ

k̂
. Given this value, we can divide equation (2.37) by k̂ to find ĉ

k̂
. Finally, we

can rewrite 2.36 as

l̂

1− l̂
1− η
η

= (1− α)(
ĉ

k̂
)−1 ŷ

k̂
,

and obtain the value of l̂

1−l̂ . After solving for l̂, we can recover the values ĉ, k̂, ı̂, ŷ.

We conclude that the balanced growth path is uniquely pinned down by conditions

(i)–(iii), and it satisfies the first order conditions to the planning problem (2.29). Since

first order conditions are also necessary and sufficient, the proposition follows.

Exercise 49 Establish the connection between the balanced growth path for the plan-

ning problem stated in (2.29) and the balanced growth path in our original two-country

model. Specifically, include d, f, d∗, f ∗ in the definition of the balanced growth path,

and show that if these variables also growth at rate γ, such ‘extended balanced growth’

path solves the corresponding two-country planning problem that is given by:

max

[
∞∑
t

βt
∑
st∈St

[π(st)u(c(st)) +
∑
st∈St

βtπ(st)u(c∗(st))]

]

subject to

c(st) + i(st) = ξG(d(st), f(st)),

c∗(st) + i∗(st) = ξG(f ∗(st), d∗(st))
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and

d(st) + d∗(st) = y(st),

f(st) + f ∗(st) = y∗(st),

y(st) = k(st)α(γtl(st))1−α,

y∗(st) = k∗(st)α(γtl∗(st))1−α,

ζk(st+1) = (1− δ)k(st) + i(st),

ζk∗(st+1) = (1− δ)k∗(st) + i∗(st), all st ∈ St,

where G(·) is hod of degree 1 and ξ is some arbitrary constant. Argue that, in fact,

when the value of ξ is properly chosen (say what it must be), on the balanced growth

path this model boils down to a simple neoclassical growth model.

Our next task is to use data to calibrate the parameters of the closed economy

model. The data comes from the Economic Report of the President (available on-

line),31 with the source tables denoted by B-XX. Economic Report of the President

follows the layout of NIPA tables, but for our purposes it is tabulated more conve-

niently than NIPA. On my website you will find an Excel file with the data and the

calibration discussed below.

Calibrating α In the first step, we calibrate the value of α. According to the

model, α is the share of payments to labor:

wtLt
Yt

=
wtltNt

ytNt

=
wtlt
yt

= 1− α,

To calculate the above share, we need to have total factor payments to domestic

factors, and payments to labor. To obtain these values we look at the GDI NIPA

31See http://www.gpoaccess.gov/eop/tables08.html.
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Figure 2.4: Internal structure of NIPAs.

accounts (GDP calculated from factor payments), which is illustrated in Figure 2.4.

GDI breaks down GDP on the income side,32 and it is the right measure. GDP, by

definition, is production by factors that are within US borders—exactly what we are

looking for.

The problem is that a big chunk of GDI are excise and sales taxes (taxes on

production and imports less subsidies). These taxes, by inflating prices, inflate GDP,

and are not related to any factor payments. Another thing we have to check, is

whether the black-box item called operating surplus has only non-labor income in it.

To find out, we look at the corresponding NIPA table for GDI—which is illustrated

in Figure 2.5 (see BEA’s website).33

From this table, we see that, in fact, some of the labor income may be buried under

32GDI (gross domestic income) is essentially GDP measured from income side up to a statistical
discrepancy. For further information about NIPA, refer to the handbook of NIPA available at:
http://www.bea.gov/national/pdf/NIPAhandbookch1-4.pdf.

33Note that corporate taxes are not a problem, because these are taxes imposed directly on
capital. To see this write down a simple firm problem and impose a tax on rental price of capital —
it will not distort the share of total payments to capital relative to labor.
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Figure 2.5: GDI (=GDP + statistica discrepancy) breaken down by income type.

item 15 (proprietor’s income). To deal with this problem, we assume, in consistency

with our production function, that 1 − α fraction of proprietor’s income is labor

income. We also subtract excise and sales taxes from GDP to obtain the ‘pure’ total

factor payments. Our adjustments give:

• Total factor payments to capital and labor = (GDP Yt B-1) - (taxes on produc-

tion and imports less subsidies B-27).

• Total payments to labor = (compensation of employees B28)+(1 − α fraction

of the proprietor’s income B28).

The value of α can now be obtained from the following calculation

1− α =
Compensation of employees+(1− α)Proprietor’s income

GDP -Taxes on production and imports less subsidies
,
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Calibrated Value of Alpha, 1959-2005
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Figure 2.6: Calibrated values of α, 1959-2005.

which gives34

α = 1− Compensation of employees

GDP - Taxes (..) - Proprietor’s income
.

The calibrated value of α for the period 1959-2005 is about 1/3, as expected. This

value is slightly less than the one obtained by Cooley and Prescott. The difference

is that Cooley and Prescott, in consistency with the model, included durable con-

sumption goods in their measure of broadly defined capital. To keep things simple,

we omitted this consideration. Figure 2.6 illustrates the time-series of the calibrated

value for each year. As required, the parameter is approximately constant over time.

Calibrating δ To calibrate the depreciation rate of capital, we use the informa-

tion on investment in capital and consumption of fixed capital (i.e. the estimate of

depreciation of capital by NIPA). In this respect, we obtain

34Prescott in his measure of capital included consumer durables, his α was a bit higher. It is an
issue how to deal with consumer durables, certainly one way is to lump it all into capital and assume
consumption is consumption of non-durables + services from durables.
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• Gross investment ≡ Kt+1− (1− δ)Kt = (gross private investment B-1) + (gross

government investment B-20),

• Depreciation≡ δKt = (consumption of fixed capital B-26), and thus

• Net investment≡ Kt+1 −Kt = [Kt+1 − (1− δ)Kt]− δKt.

Having these time-series, we use the fact that on the balance growth path in our

model, we have

(Kt+1 −Kt)

Yt
=

(kt+1
Pt+1

Pt
− kt)Pt

ytPt
= (γζ − 1)

k̂

ŷ
,

which implies:

ŷ

k̂
=

(γζ − 1)Yt
Kt+1 −Kt

, (2.39)

Having the above ratio, we can calculate δ from the following identity (Kt, Yt both

grow at the same rate γζ):

δ ≡ δKt

Yt

Yt
Kt

=
δKt

Yt

ŷγtPt

k̂γtPt
=
δKt

Yt

ŷ

k̂
.

To calculate δ, we have used micro-level information about depreciation of cap-

ital from NIPA. The whole calculation was just correcting for the fact that part of

the investment must be used to augment capital in consistency with the BGP—rest

followed from the aggregate estimates of capital depreciation by BEA.

The average value of δ for the period 1959-2005 is about 4.5% per annum (1.14%

per quarter). Figure 2.7 illustrates the underlying time-series of the calibrated values

for each year. As we can see, it is not as nice and stationary as α, but the secular

trend is small. It also fluctuates quite a bit due to the high volatility of investment

over the business cycle—which is nothing to be worried about. We know that we

are not looking at the ‘pure’ balanced growth path in the data. The secular trend is
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Calibrated Values of Delta, 1959-2005
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Figure 2.7: Calibrated values of δ, 1959-2006.

more problematic. It suggests that the economy may not be exactly on the balanced

growth path the way our model looks at it.

Calibrating β On the balanced growth path, Euler’s equation implies

ζ = βγ−1γa(1−θ)−1[(1− δ) + αkα−1
t+1 (γt+1lt+1)1−α],

and thus

β =
ζγη(θ−1)+1

α ŷ
k̂

+ 1− δ
. (2.40)

Since we lack the values of θ and η, and can not compute β yet. Prescott chose

θ = 1 on the basis that such value is roughly consistent with the spread between the

real rates of return in countries with the highest and lowest consumption growth. In

such case, β can be calculated right away because η cancels out. Later, more evidence

become available to pin down θ. Experiments of risk aversion point to values between
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1-3 (see info in Mehra and Prescott (1985)), and time series analysis by Eichenbaum,

Hansen and Singleton (1988) suggests values centered around 2, that we should also

consider. (The value of θ = 2 is widely used in the literature; Prescott uses θ = 1.)

When θ = 2, we need to pin down η first. The value of η can be obtained by

calculating the ratio of work in total time endowment, which gives l̂. We calculate

it by evaluating the ratio of the total number of workers to size of total working

age population, and multiply it by the ratio of the average number of hours worked

per average worker to the total endowment of non-sleep hours; assumed to be 105h

per week (15h of non-sleeping time per day).35 The obtained this way value of l̂

oscillates at around 1/3, and implies the value of 1−l̂
l̂

equal to about 2. (The data on

hours comes from CPS census36, and the number is consistent with other micro-level

studies pointing to slightly lower number of 30% (e.g. Juster and Stafford (1991),

“The Allocation of Time ...”. Journal of Economic Literature, 29:471:522)

Having calculated the share of market activities in total time endowment, from

the first order condition on labor/leisure choice, we thus derive:

ĉ

1− l̂
1− η
η

= (1− α)
ŷ

l̂

and obtain the value of η from

1− η
η

l̂

1− l̂
= (1− α)

ŷ

ĉ
= (1− α)

Yt
Ct
,

1− η
η

=
1− l̂
l̂

(1− α)
Yt
Ct
,

η =
1

1−l̂
l̂

(1− α) Yt
Ct

+ 1
.

(To calculate Yt
Ct

, we correct for the impact of the large negative NX, and calculate

35See formulas in the Excel file on my website for more detail.
36Source: Cociuba, Ueberfeld and Prescott (2007).
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Calibrated Values of Eta, 1959-2005
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Figure 2.8: Calibrated values of η, 1959-2006.

Yt
Ct

by evaluating: Yt
Ct

= Yt+NX
Yt+NX−[Kt+1−(1−δ)Kt] .

37 The correction does not make much

difference (see Excel file posted online).)

The average value of η calculated this way is .37, and having η, we can calculate

β from the formula:

β = γη(θ−1)+1[(1− δ) + α
ŷ

k̂
]−1.

Figures 2.8-2.9 illustrate the time-series for the calibrated values of η and β for

each year. As required, both are roughly stationary.

Last but not least, we have to translate our model to quarterly frequency (our

estimates are annual). In order to do this, we calculate implied quarterly depreciation

rate and discount rate from the formula for compounded change as follows: δq =

1− (1− δa)
1
4 , and βq = β

1
4
a . The summary of the obtained this way parameter values

for a quarterly model is given in Table 2.4.

37In consistency with theory, we are treating here NX as part of domestic output. This is the
total that in our model is split by households into consumption and investment.
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Calibrated Values of Beta (theta=2), 1959-2005
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Figure 2.9: Calibrated values of β for θ = 2, 1959-2006.

Pre-tax real net return on capital Given the values of the calibrated parameters,

using Euler’s equation, we next calculate the net return on capital (note that this

return is risky when there is business cycle):38

r − δ = α
ŷ

k̂
− δ =

γη(θ−1)+1

β
− 1 + δ − δ.

In our model, it is on average equal to 8.2%. This is not too bad, but slightly

too high comparing to the pre-tax real return calculated directly from NIPA data of

about 6% (see the paper by Ravikumar et al.).

Exercise 50 Using data from National Accounts available at www.sourceOECD.org

and data available from http://www.statistik.at/web en/statistics/index.html, calibrate

the parameters α, δ,η, β for Austria (AUT). How do these values compare with the val-

ues listed above for the US?

38To use the analogy to our earlier analysis, return r must satisfy along the balance growth path

the equation 1 = β u
′(ct+1)
u′(ct)

(1 + r).
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Table 2.4: Parameter values for the quarterly model.

Parameter Parameter value

θ = 2 θ = 1

γ 1.021 1.021

ζ 1.011 1.011

α 0.325 0.325

δ 0.014 0.014

η 0.367 0.367

β 0.988 0.99

Notes: Based on mean values estimated from annual US data (1959-2006) and translated to quarterly frequency.

Calibrating parameters specific to the open economy

Our open economy model adds two additional parameters that we need to dis-

cipline. These parameters are the elasticity of substitution between domestic and

foreign goods σ, and the home-bias parameter ω.

The most reasonable thing to do would be to adopt the value of σ consistent

with long-run oriented trade literature. In the previous chapter, we have argued

that trade literature suggests values centered around 5-15. This value followed, for

example, from the cross-sectional estimate of θ in Eaton and Kortum (2002) (recall

θ − 1 is isomorphic to σ), or the studies based on the impact of tariff reductions on

trade (e.g. Head and Ries (2001): “Increasing Returns (...),” American Economic

Review, 91(4), pp. 858-976). Also, the analysis by Anderson and Wincoop (2003)

pointed us to such values.

Given the value of σ, finding ω is an easy task. It is sufficient to require that

the theory is consistent with the observed imports to GDP ratio. In the symmetric

steady state, the two country model implies

ft = (
ω

1− ω
)−σdt,
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which we can use to back out ω. To see this, define the import share as

is =
ft

dt + ft
,

and note that import share can be measured from the data by imports/GDP ratio.

Next, rewrite the above condition to calculate:

ω =
(1−is

is
)

1
σ

(1−is
is

)
1
σ + 1

. (2.41)

As long as we have σ, we have ω.

Long-run versus short-run elasticity puzzle Since firm evidence on a reason-

able value for σ came later, early business cycle literature used an alternative strategy

to pin down this parameter. According to the theory, both approaches should give the

same answer. However, the puzzle is that they do not, which has been later labeled

long-run versus short-run elasticity puzzle.

The alternative strategy of measuring elasticity σ is motivated by the fact that in

the business cycle models, the demand for domestic and foreign good is modeled by

a CES aggregator. In such case, it is straightforward to show that the import ratio

is tied to the relative price of domestic and imported goods by (see equations 2.13,

(iii)-(iv))

log
ft
dt

= σ log
pd,t
pf,t

+ log
ωt

1− ωt
. (2.42)

(To be more general, we are allowing here for ω to be time-varying.)

Under normal conditions (i.e., when the supply curve is an upward-sloping func-

tion of the price and the supply shocks are not correlated with the ωt-demand shocks),

we should expect the correlation between log ωt
1−ωt and log

pd,t
pf,t

to be positive. But then,
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the volatility ratio defined by

V R ≡ std(log
ft
dt

)/std(log
pd,t
pf,t

) (2.43)

places an upper bound on the value of the intrinsic price elasticity of trade flows σ,

as implied by the following evaluation of (2.42) and variance decomposition:

σ = std(log
ft
dt

)/std(log
pd,t
pf,t

+
1

σ
log

ωt
1− ωt

) ≤ (2.44)

≤ std(log
ft
dt

)/std(log
pd,t
pf,t

) = V R. (2.45)

In particular, in the Armington model with ω assumed constant, the volatility ratio

is exactly equal to the elasticity of substitution σ.

This is the measurement of short-run elasticity that I used with Jaromir in our

customer capital paper. It avoids the use of time-series regressions. Regression in this

context may require to specify a model with error correction. This gives the upper

bound of the regression coefficient. In most applications the upper bound is enough

for the analysis at hand.

The computed values of the volatility ratio for the data are shown in Table 2.5.

As we can see, these values are very low and grossly at odds with the value of the

parameter σ implied by the trade literature.39 At business cycle frequencies, the

median value of the volatility ratio is as low as 0.7 for both HP-filtered and linearly

detrended data.

Because of this discrepancy, in our quantitative analysis of the model, we will

report the results for both low and high values of σ. Namely, we will consider the

values based on the estimates from Head and Ries of σ = 7.9, as well as the value

σ = .73 consistent with low value of the volatility ratio in the data.40 As we will later

39Similar results, using different method, are obtained by Wilson (2001) or Reinert et al. (1992).
40We choose the value 1 instead of .7 because we can solve this Cobb-Douglas case analytically

when θ = 1, and η = 1. It will be helpful later to understand the intuition.
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Table 2.5: Volatility Ratio in a Cross-Section of Countries.

Detrending method

Country HP-1600 Lineara

Australia 0.94 0.93

Belgium 0.57 0.50

Canada 1.27 0.64

France 0.54 0.73

Germany 0.90 1.16

Italy 0.69 0.46

Japan 0.60 0.43

Netherlands 0.44 0.72

Switzerland 0.71 1.16

Sweden 0.95 0.95

UK 0.65 0.61

USb 1.23 1.02

MEDIAN 0.71 0.73

Notes: Based on quarterly time-series, 1980 : 1− 2000 : 1. Data sources are listed in Drozd and Nosal (2008).
aLinear trend subtracted from logged time series.
bFor the entire postwar period (1959 : 3− 2004 : 2) this ratio in U.S. is 0.88.

see, the model is going to perform much better in the latter case.

Estimating the forcing process The prediction of the model crucially depends

on the properties of the stochastic process for output and technology A. Below, we

first back out the process for output that we use in conjunction with the endowment

economy model, and then we back out the process for the Solow residuals that we

use in conjunction with the extended model. The details are available from the Excel

file posted on my website.

Endowment shocks To back out endowment process from the data, we must

calculate the aggregate output of the rest of the world. The difficulty is that the real

GDP is expressed in units that can not be readily compared (local currency units).

To adjust the units of real GDP, we use a PPP adjusted GDP for a chosen year,

say year 2000, and normalize real GDP of each country so that it is 1 in year 2000.
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Next, we multiply each country series by the value of PPP adjusted GDP in year

2000 pulled out from the Penn World Tables. Note that we can follow a similar

procedure to aggregate virtually any aggregate time-series. For example, if we want

to aggregate investment, we must know the share of investment in GDP in year 2000

in each country, and after normalizing investment series in each country so that it

is 1 in year 2000, to obtain series that we can add up, it suffices to multiply each

individual series by the PPP adjusted GDP in year 2000 and the share of investment

in GDP for the year 2000. (The choice of the baseline year, here year 2000, matters

in general, but does not change the results drastically.)

From the data, we need the real GDP series and population series for countries

that we define as the rest of the world, and the US. Then, we divide output by

population to translate it to per capita terms. The source of the aggregate data

is OECD (www.sourceOECD.org) and Penn World Tables for population (smoothly

extrapolated from the growth rate of population). Using this data, we estimate the

process of the form:

log y(st+1) = ξ1 + γt+ log ŷ(st+1)

log y∗(st+1) = ξ2 + γt+ log ŷ∗(st+1)

log ŷ(st+1) = ρ log ŷ(st) + φ log y∗(st) + ε(st+1),

log y(st+1) = ρ log y∗(st) + φ log ŷ(st) + ε∗(st+1),

where γ is a common growth parameter, ρ is persistence parameter, φ is spillover pa-

rameters, and ε, ε∗ are i.i.d. normally distributed random variables with a symmetric

variance-covariance matrix Σ.

To estimate this system we proceed as follows. We estimate the model using SUR

(seemingly unrelated regression) method with symmetry restrictions. We check if the

spillover parameter φ is statistically different from zero, and if not, we reestimate the
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model with a restriction φ = 0. Using the estimated parameters, we then back out

the regression error vector (ε̂, ε̂∗), and fit a two-dimensional Normal distribution with

a symmetry restriction imposed. The results of the estimation give:

ρ = .95 (0.02)

φ = 0.0,

∑
=

 3.56 1.17

1.17 3.56

× 10−5.

The variance-covariance matrix implies that correlation of residuals ε, ε∗ is .33, and

the standard deviation is about .006. The 5% confidence interval on ρ is [.90, .99].

Technology shocks To recover Solow residuals, we use the following formula

(based on log of Yt = Kα
t (AtLt)

1−α):

logAt =
log Yt − α logKt + (1− α) logLt

1− α
,

where Yt is real GDP, Kt is total stock of capital backed out from real investment

series using perpetual inventory method41, and Lt are total hours worked for US and

total civilian employment for the rest of the world. Our underlying data is quarterly

and pertains to the time period 1980-2005.

Given series for At for US and A∗t for the rest of the world, following the same

41The basic idea behind perpetual inventory method is to cumulate capital using equation:
Kt+1 = (1 − δt)Kt + It, where It are the series for real gross investment, and δt is our calibrated
value for each year (or a constant mean value δ). The initial capital K0 is obtained from an educated
guess that requires that the average growth rate of capital over the first 10 years is the same as in
the initial year, i.e.

K1 −K0

K0
=

1

10

∑
i=1,..,10

Ki+1 −Ki

Ki
.
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procedure as with output, we estimate the process:

logA(st+1) = ξ1 + γt+ log Â(st+1), (2.46)

logA∗(st+1) = ξ2 + γt+ log Â∗(st+1),

log Â(st+1) = ρ log Â(st) + φ log Â∗(st) + ε(st+1),

log Â∗(st+1) = ρ log Â∗(st) + φ log Â(st) + ε∗(st+1),

where as before γ is a common growth parameter, ρ is persistence parameter, φ is

spillover parameters, and ε, ε are i.i.d. normally distributed symmetric innovations

with a variance-covariance matrix Σ.

The results are:

ρ = .91 (0.025)

φ = 0.0,

∑
=

 5.12 1.20

1.20 5.12

× 10−5,

where the variance-covariance matrix implies that correlation of residuals ε, ε∗ is .23,

and standard deviation about .0071. The 5% confidence interval on ρ is [.86, .96]).

Lastly, as a consistency check, having the series for capital, we can look up K/Y

ratio in the data. According to the model, it should exhibit no trend. In Figure 2.10,

we illustrate the actual time series for K/Y in the data (with initial point set equal

to 3.5) over the sample period 1980-2005. As we can see, it exhibits no trend. You

will find these time-series in the Excel file posted online.

Solving the Model

Having the parameter values, we next solve the model numerically. This will allow

us to generate artificial data, and compare it to the actual data. Our comparison
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K/Y Ration on BGP Path versus US Data
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Figure 2.10: Comparison of K/Y ratio between model (BGP path) and US data
(initial value matched by construction).

will focus on the basic statistics measuring volatility and comovement of time-series.

These are not the only characteristics of time-series that can be compared, but they

are first order statistics, and we will focus on them.

Our model is given by the following planning problem:

max

[
∞∑
t

∑
st∈St

βtπ(st)u(c(st)) +
∞∑
t

∑
st∈St

βtπ(st)u(c∗(st))

]

subject to

c(st) + i(st) = G(d(st), f(st)),

c∗(st) + i∗(st) = G(f ∗(st), d∗(st))
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and

d(st) + d∗(st) = y(st),

f(st) + f ∗(st) = y∗(st),

y(st) = k(st)α(A(st)l(st))1−α,

y∗(st) = k∗(st)α(A∗(st)l∗(st))1−α,

ζk(st+1) = (1− δ)k(st) + i(st),

ζk∗(st+1) = (1− δ)k∗(st) + i∗(st), all st ∈ St,

where the process for A and A∗ is given by (2.46).

To solve this model, we redefine all the variable by dividing them by the corre-

sponding growth rate of the economy (by analogy for foreign country variables):

ĉt ≡
ct
γt
,

k̂t ≡
kt
γt
,

ı̂t ≡
it
γt
,

ŷt ≡
yt
γt
,

l̂t ≡ lt,

d̂t ≡
yt
γt
,

f̂t ≡
yt
γt
,

and by plugging in these values, we rewrite the original problem in a stationary form:

max

[
∞∑
t

(βγη(1−θ))t[
∑
st∈St

π(st)u(ĉ(st)) +
∑
st∈St

π(st)u(ĉ∗(st))]

]
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subject to

ĉ(st) + ı̂(st) = G(d̂(st), f̂(st)),

ĉ∗(st) + ı̂∗(st) = G(f̂ ∗(st), d̂∗(st))

and

d̂(st) + d̂∗(st) = ŷ(st),

f̂(st) + f ∗(st) = ŷ∗(st),

ŷ(st) = k̂(st)α(Â(st)l̂(st))1−α,

ŷ∗(st) = k̂∗(st)α(Â∗(st)l̂∗(st))1−α,

γζk̂(st+1) = (1− δ)k̂(st) + ı̂(st),

γζk̂∗(st+1) = (1− δ)k̂∗(st) + ı̂∗(st), all st ∈ St,

where the process for Â and Â∗ is given by (2.46).

In what follows, we substitute the value for adjusted discount (βγη(1−θ))t and

instead simply write β. If θ = 2, such adjusted value is given by β ≡ (βγη(1−θ))t =

.983. We also drop the notation with ‘hats’, and write g instead of γζ. After these

simplifications, the resulting stationary planning problem is:

max

[
∞∑
t

βt[
∑
st∈St

π(st)u(c(st)) +
∑
st∈St

π(st)u(c∗(st))]

]

subject to

c(st) + i(st) = G(d(st), f(st)),

c∗(st) + i∗(st) = G(f ∗(st), d∗(st))
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and

d(st) + d∗(st) = y(st),

f(st) + f ∗(st) = y∗(st),

y(st) = k(st)α(A(st)l(st))1−α,

y∗(st) = k∗(st)α(A∗(st)l∗(st))1−α,

gk(st+1) = (1− δ)k(st) + i(st),

gk∗(st+1) = (1− δ)k∗(st) + i∗(st), all st ∈ St,

The competitive equilibrium to this planning solution corresponds exactly to the

setup we have described in previous sections (we even have introduced a constant g to

take growth into account). So, below, instead of taking the first order conditions to

this planning problem, we instead use the equilibrium conditions from decentralized

competitive equilibrium that we have stated before. To summarize, these conditions

are:

(i) Demand equations (note that this equation embeds numeraire normalization,

see derivation of FOC for our prototype model)

pd(s
t) = Gd(d(st), f(st)), (2.47)

pf (s
t) = Gf (d(st), f(st)), (2.48)

p∗f (s
t) = Gf (f(st), d(st)), (2.49)

p∗d(s
t) = Gd(f(st), d(st)), (2.50)
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(ii) labor/leisure choice:

ul (s
t)

uc (st)
= −w

(
st
)
, (2.51)

u∗l (st)

u∗c (st)
= −w∗

(
st
)
, (2.52)

(iii) perfect risk-sharing

x(st) =
uc(c

∗(st))

uc(c(st))
(2.53)

(iv) Euler equations:

uc
(
st
)
g = βEst [uc

(
st+1

) (
(1− δ) + r

(
st+1

))
], (2.54)

u∗c∗
(
st
)
g = βEst [u

∗
c

(
st+1

) (
(1− δ) + r∗

(
st+1

))
], (2.55)

(v) law of one price

pd(s
t) = x(st)p∗d(s

t), (2.56)

pf (s
t) = x(st)p∗f (s

t), (2.57)

(vi) factor prices:

r(st) = αpd(s
t)k(st)α−1(A(st)l(st))1−α, (2.58)

r∗(st) = αp∗d(s
t)k∗(st)α−1(A∗(st)l∗(st))1−α, (2.59)

w(st) = (1− α)A(st)pd(s
t)k(st)α(A(st)l(st))−α, (2.60)

w∗(st) = (1− α)A∗(st)p∗d(s
t)k∗(st)α(A∗(st)l∗(st))−α, (2.61)

(vii) feasibility and market clearing
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c(st) + i(st) = G(d(st), f(st)), (2.62)

c∗(st) + i∗(st) = G(f ∗(st), d∗(st)) (2.63)

d(st) + d∗(st) = y(st), (2.64)

f(st) + f ∗(st) = y∗(st), (2.65)

y(st) = k(st)α(A(st)l(st))1−α, (2.66)

y∗(st) = k∗(st)α(A∗(st)l∗(st))1−α, (2.67)

gk(st+1) = (1− δ)k(st) + i(st), (2.68)

gk∗(st+1) = (1− δ)k∗(st) + i∗(st), all st ∈ St. (2.69)

(viii) technology shocks

logA(st+1) = ρ logA(st) + ε(st+1), (2.70)

logA∗(st+1) = ρ logA∗(st) + ε∗(st+1). (2.71)

As we can see, in the system above, we have 12 variables we should count twice,

c, i, y, k, l, A, d, f, r, w, pd, pf , and 1 variable that we should count once, x. Together, it

gives us 25 variables. Since we have 25 equations, unless we have mistakenly restated

same equilibrium conditions twice (not the case), we can proceed setting up the model

on the computer.

To solve the model, we implement the perturbation method using the package

Dynare42. Dynare will locally approximate the solution around the deterministic

steady state, which we next calculate analytically.

42See http://www.cepremap.cnrs.fr/dynare/.
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To calculate the steady state, it is convenient to unwind some of the steps used

in the calibration. Specifically, we proceed as follows:

Step 1: Under symmetry, pf = pd, and from demand equations (i), we have

f = (
ω

1− ω
)−σd.

From the definition of the import ratio, we obtain

is ≡ f

d+ f
=

( ω
1−ω )−σd

( ω
1−ω )−σd+ d

=
( ω

1−ω )−σ

( ω
1−ω )−σ + 1

,

and calculate

ω =
(1−is

is
)

1
σ

(1−is
is

)
1
σ + 1

. (2.72)

Using Euler’s law, we next solve for prices pd = pf (equal by symmetry). By hod 1

of G, we have

pdd+ pff = G(d, f),

and thus

pd = pf =
G(d, f)

d+ f
= (ω × (1− is)

σ−1
σ + (1− ω)× is

σ−1
σ )

σ
σ−1 , (2.73)

where is denotes the import share that we have used in calibration as one of the data

targets.

Step 2: Since the share of labor in time endowment of has been calculated to be

l = .329, knowing that by Euler’s equation (iv)

r =
g

β
− (1− δ), (2.74)
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we can use factor price equation for rental price of capital (ii)

r = αpd(
k

l
)α−1

to find steady state level of capital43

k = l(
αpd
r

)
1

1−α . (2.75)

Step 3: By definition of is, from feasibility conditions (vii), we have

d = (1− is)× kαl1−α, (2.76)

f = is× kαl1−α. (2.77)

Step 4: The remaining steady state variables can be calculated from (vi), (vi) and

(iii):

c = (ωd
σ−1
σ + (1− ω)f

σ−1
σ )

σ
σ−1 − (g − 1 + δ)k, (2.78)

w = (1− α)pdk
αl−α,

x = 1 (by symmetry). (2.79)

Step 5: The implied values of the deep parameter η can be retrieved from the

assumed value of l the same way as we have done to calibrate the model. Labor-

leisure choice (vi) implies

w = −ul
uc

=
c

1− l
1− η
η

,

1− η
η

=
w(1− l)

c

43We could have alternatively solved for steady state in the closed economy model first, and used
the quantities from there to plug in here. This approach would require some adjustment so that
G(d, f) = y for steady state values.
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and thus

η =
1

1 + w(1−l)
c

. (2.80)

The numbered equations fully characterize the deterministic steady state we set out

to find.

We next proceed with the implementation of the Dynare code44 to solve the model

using perturbation method. The codes can be downloaded from my website.

Exercise 51 The example will illustrate (in an abstract way) how to use the perturba-

tion method to solve portfolio choice problems under uncertainty. In the deterministic

steady state, any portfolio that gives the same wealth distribution is equivalent. How-

ever, this equivalence breaks down when we add uncertainty (shocks), because stochas-

tic payoffs of different portfolios will typically correlate differently with the stochastic

consumption. To solve the optimal portfolio problem using perturbation method, the

idea is to start with an arbitrary portfolio, solve for the policy for assets with a penalty

function imposed (2nd order approximation at least), and use this policy to obtain the

next guess. For an implementation of such method, see, for example, Heathcote and

Perri (2008): “The International Diversification Puzzle is Not as Bad as You Think”,

Minneapolis Fed Staff Report 389. Using an abstract example, we will demonstrate

how it works.

Consider the following problem

max
x≥0

[xρ + (1− x)ρ].

Clearly, when 0 < ρ < 1, there is a unique solution x = 1
2
, and when ρ = 1, any

solution x ∈ [0, 5] solves the problem.

Suppose now that we do not know the true solution when 0 < ρ < 1, but we do

know that any value of x satisfies the problem for ρ = 1. We will exploit this fact by

44http://www.cepremap.cnrs.fr/juillard/mambo/download/manual/Dynare UserGuide WebBeta.pdf
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using the perturbation method solve for the case when ρ < 1.

a. Take as a starting guess xguess = 0.25 and proceed as follows. Impose a convex

penalty on the objective function and consider the following artificial problem:

max
x≥0

[xρ + (5− x)ρ − φ(xguess − x)2].

Using the idea of perturbation method, implement on Matlab the following scheme.

Choose appropriate value of φ that is large enough, but not too small, and take

2nd order approximation of the solution to the artificial problem for ρ = .95 with

xguess = 0.25 and perturbation wrt ρ (evaluated at ρ = 1). After you solve for a new

approximate value, take this value as the next guess xguess, and solve it again. Iterate

until convergence.

b. Have you obtained the true solution x = .5? Briefly explain what makes this

scheme work, and why we needed to impose penalty φ (what would go wrong?)?

2.6 Quantitative Comparison of Theory and Data

Our goal here is to obtain the simulated time-series from the models, and after

treating this ‘artificial data’ the same way as the actual data, to compare the statistics

pertaining to the properties of the business cycle fluctuations. Below, we calculate

business cycle statistics implied by 4 different versions of our two-country model (all

for θ = 2):

1. Model with capital and labor/leisure choice (model 1) with high elasticity of

substitution σ = .73,

2. Model with capital and labor/leisure choice (model 1) with low elasticity of

substitution σ = 8.
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3. Prototype endowment model (model 2) with a high elasticity of substitution

σ = .73,

4. Prototype endowment model (model 2) with a low elasticity of substitution

σ = 8

In our comparison with data, we will rely on a casual notion of the quality of fit.

We should stress that in order to focus on the qualitative economic mechanisms, we

have deliberately setup a model that is mispecified in many dimensions. Fitting such

model to the data using statistical estimation would likely result in a biased inference

about parameter values.45 Of course, with more complete models, it is a good idea

to try to estimate them too. To learn about the methods of estimating large-scale

DSGE models, check out the website of Frank Schorfheide. On the website of Dynare

you will also find helpful examples applying Bayesian techniques to estimate a macro

model (see the link to examples).

Properties of the Data

Before we proceed any further, we should first characterize how economic activity

behaves over the business cycle. Without it, we will not be able to say much about

the performance of our model. To characterize properties of economic activity over

the business cycle, we will focus attention on two first order aspects of the data:

comovement and volatility.

Figure 2.11 lists key summary statistics pertaining to 5 basic measures of aggregate

activity over the business cycles for 3 major economic regions of the world: US, Japan

and Europe (aggregate of EU15 countries). The 5 measures are: output, consumption

expenditures, investment, employment and net exports (borrowing from rest of the

world). All measures are real and do not depend on prices. The data is quarterly,

45If the omitted variables turn out correlated with the error term, this creates a problem for
statistical methods that try to fit the data directly.
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Variable US EU15 Japan Variable US EU15 Japan

Y 0.40 0.52 0.24 Y 1.33% 0.74% 1.19%

A 0.33 0.48 0.04 A 0.80% 0.63% 1.54%

C 0.23 0.36 -0.01 C 0.99% 0.71% 0.80%

I 0.23 0.54 0.36 I 3.71% 2.33% 2.99%

L 0.21 0.47 -0.01 L 1.08% 0.77% 0.45%

G 0.17 0.20 -0.15 G 0.91% 0.46% 1.00%

C+G 0.25 0.39 -0.03 K 0.35% 0.22% 0.33%

Variable Y A C I L NX

Y 1.00 0.88 0.83 0.93 0.85 -0.21

A 1.00 0.69 0.78 0.51 0.01

C 1.00 0.81 0.73 -0.22

I 1.00 0.85 -0.18

L 1.00 -0.33

NX 1.00

Correlation

Notes: Statistics based on quarterly data logged and hp filtered (1600), 1980-2005. Variables: Y - real GDP, A - Solow residual, C - consumption, I - investment, L - employment, 
G - government consumption. Source: SourceOECD.org.

International Comovement Volatility

Domestic Comovement (US data)

Standard deviationCorrelation

Figure 2.11: Basic Properties of International Business Cycles: Volatility and Co-
movement Patterns.

and has been first logged and the HP-filtered (1600). NX has been calculated as the

ratio of the difference between nominal exports and nominal imports to nominal GDP

(results are the same if CPI is used to deflate NX or trend part of nominal GDP).

As we can see, even though statistics are widely dispersed, several patterns emerge.

First, in all three cases the ranking of relative volatilities is similar. Investment is

clearly the most volatile, output and Solow residual are second, and consumption is

the least volatile. Solow residual is less volatile in US and EU15 than output and

more in Japan.46

In terms of international comovement, in all three blocks economic activity tends

to positively comove with the rest of the world. In Japan, international comovement

is the weakest, but Europe positively comoves with the rest of the world very strongly.

The US is somewhat inbetween. As far as ranking of comovement across our 4 ag-

46At this point we should mention that it is rather standard in the literature to call A1−α a Solow
residual. Residual defined in such a way would be less volatile than output in all three economic
blocks (not reported here).
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gregate measures, the data shows the following pattern. Output, investment, labor

and Solow residuals all positively comove, and in particular, they comove more than

consumption does. Also, output is most correlated internationally, in particular, more

so than the Solow residuals. The low positive comovement of consumption relative

to output is somewhat puzzling, because one should expect that consumption risk

sharing should make consumption to be most strongly correlated internationally. It

actually turns out a wrong intuition when the elasticity of substitution between the

domestic and the foreign goods is very low, and there is home-bias (to understand

why think about the Leontief case).

Another clear pattern is the countercyclicality of net exports (NX). It turns out

that a country that has a boom tends to import more and borrow from the rest of the

world—again the opposite to what simple a logic about risk sharing would suggest.

Interestingly enough, there is little evidence that Solow residuals are negatively corre-

lated with NX. It is capital and labor that seem to be behind this negative correlation

between output and NX.

All these properties, perhaps except the last one, are robust across countries, and

have been widely documented in the literature. Finally, we should also mention that

all variables are highly persistent, which we do not report here.

Having characterized how economic activity behaves over the business cycle, we

next study the predictions of the model. The goal is intuitively understand the

economic forces behind the implications of the theory, and organize the findings in a

set of discrepancies between the theory and the data. Since our theory is the most

basic frictionless environment one could think of, we will refer to these discrepancies

as puzzles wrt to standard theory, which helps us organize further work to improve

upon this theory.



CHAPTER 2. INTERNATIONAL BUSINESS CYCLE 158

Predictions of the Models

To map the model onto the data, we first have to define consistent with the data

system of measurement. In this respect, we identify the following objects in the model

with their corresponding counterparts in the data:

• Real GDP= pssd d+ pssf d+ xsspssd d
∗ − pssf f,

• GDP in current prices = pdd+ pfd+ xpdd
∗ − pff,

• Consumption= c
G(d,f)

(pssd d+ pssf ),

• Investment= i
G(d,f)

(pssd d+ pssf ),

• Net exports (in current prices)= (xpdd
∗ − pff)/GDP,

• Real net exports= (xpssd d
∗ − pssf f)/Real GDP

• Real export price= xp∗d,

• Real import price= pf ,

• Terms of trade=p,

• Real exchange rate=x,

where ·ssdenotes steady state prices. (To be fully consistent with the data, we should

actually measure prices like real exchange rate using fixed weights CPI rather than

the ideal one—just like in the data. This would not matter in this model, and so we

omit this distinction.)

Table 2.6 illustrates the results implied by the models. As we can see, in terms of

prices, all 4 models exhibit the patterns we have discussed. This should not surprise,

as the supply-side extensions that we have considered are irrelevant for these facts.

Specifically, real exchange rate is about 4 times less volatile than in the data, and
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it barely moves when elasticity is high. This is to be expected, since real exchange

rate movements come from relative price movements (terms of trade). When goods

are closely substitutable, this relative price does not move much. Export and im-

port prices are negative correlated, and terms of trade is more volatile than the real

exchange rate. Pretty much everything is the opposite of what it should be.

In terms of quantities, the models fare much better, but only with low elasticity

of substitution between goods. The high elasticity case is a disaster. In the case of

low elasticity, statistics are in the neighborhood of what they should be. The models

predict positive international comovement of economic activity. Of course, statistics

do not match up exactly, but we know that there are additional tweaks on the model

can further improve the fit (e.g. home production, convex adjustment cost on capital,

non-tradable sector, see exercise below).

In all models, there is clearly too little propagation—absolute volatility of GDP

is too low. Also, consumption comoves internationally too much, in particular, it is

more correlated internationally than output. The volatility of GDP and consumption

falls short in terms of the data. Investment, on the other hand, is way too volatile,

but just like in the data, it is the most volatile time series and highly procyclical.

As already mentioned, the problems on the quantity side can be fixed by incor-

porating additional features, especially convex adjustment cost on consumption and

home production. With these two features the model can replicate quantities in most

dimensions, except for excess international comovement of consumption. However, we

should stress that consumption in the data measures consumption expenditures, and

does not take into account that durable consumption can be way more volatile. One

should thus be careful with the interpretation of statistics pertaining to consumption

data.47

47See, for example, the paper by Charles Engel & Jian Wang, 2008. “International Trade in
Durable Goods: Understanding Volatility, Cyclicality, and Elasticities,” NBER Working Papers
13814, National Bureau of Economic Research, Inc.



CHAPTER 2. INTERNATIONAL BUSINESS CYCLE 160

Lastly, note that the model with capital quite successfully predicts countercycli-

cality of NX. In fact, our model goes against simple intuition that during booms, due

to risk sharing, country should export more than import and lend to the rest of the

world, which requires some explanation. As we can see, two factors are important:

low elasticity of substitution (even when there is no capital), and capital.

The reason why capital (and labor leisure choice) plays a role is the production

efficiency motive. This motive dictates that economic activity should move to the

country with highest productivity. In the words of Backus et al., in these models

“one wants to grow hey where the sun shines”. As a result, during booms, even

though there is a risk sharing motive to ship goods abroad, there is also an offsetting

motive to invest in capital at home to take advantage of higher productivity. This

results in NX in ‘consumption goods’ going into surplus, but NX in ‘investment goods’

going into deficit. If the second effect dominates, the NX becomes countercyclical.

To formalize this idea, recall the setup from exercise (46). In this setup, we can

directly decompose net export into ‘consumption component of NX’ and ‘investment

component of NX’

NX = (pdD
∗ − pfF )︸ ︷︷ ︸
NXc

+ (I∗d − If )︸ ︷︷ ︸
NXI

.

By the equivalence result you proved in this exercise, such decomposition also applies

to our benchmark economy—it is just less trasparent in such case. Through the lens

of this decomposition, consumption risk sharing motive makes NXc typically go up,

but production efficiency motives offsets these movements through NXI .

To understand why elasticity is so important, we should look at our endowment

economy. In this economy, we can analytically show that when elasticity is 1 NX is

actually zero—which also goes against the common wisdom of risk sharing. Why is

that? The following calculation, works out this case, which gives a clear intuition:
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NX = exports− imports =

= xp∗d(y − ωy)− pf (1− ω)y∗ =

= xp∗d[(y − ωy)− pf
xp∗d

(1− ω)y∗],

where

pf
xp∗d

=
1− ω
ω

dωf−ω

dω−1f 1−ω =
1− ω
ω

f

d
=

=
1− ω
ω

ωy

(1− ω)y∗
=

y

y∗
,

and thus

NX = xp∗d[y − ωy −
y

y∗
(1− ω)y∗] =

= xp∗d[y − ωy − (1− ω)y] = 0.

Namely, these are not quantities that are countercyclical. During booms, the

country ships more goods abroad in terms of physical units (because d∗ = (1 − ω)y

and f = (1− ω)y∗), it is the value of what is exported in terms of what is important

that offsets these movements (terms of trade movements). 48 When the elasticity is

low, these movements cause wealth effects that level off NX, and for σ below unity,

actually turn it negative.

[ADD IMPULSE RESPONSE FUNCTIONS HERE]

48It is of interest to look at constant price NX in the data. It has been done, and the model
performs much worse in such case. Still, by including physical capital, the model can account for
the data.
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Exercise 52 Implement in Dynare a simple closed economy model with analogous

parameter setting. Compare the statistics with the corresponding open economy model.

Exercise 53 Download the codes from class website. Solve all 4 models under the as-

sumption of financial autarky (i.e. add equation NX=0 instead of perfect risk sharing

equation). Compare results to the complete market economy, and discuss them.

Exercise 54 (Optional) Implement in Dynare an extended model with a convex ad-

justment cost on capital. Document the effect of the convex adjustment cost on the

statistics discussed above.

2.7 Drozd and Nosal (2008)

Drozd and Nosal (2008) propose a simple way to reconcile the quantity side of

dynamic IRBC theory with a high long-run elasticity, and show that such frictions

can also successfully account for the correlations of international prices. The basic

idea is that firms, in order sell their output, need to build the demand and marketing

infrastructure. The modeling tool is search theory.

Drozd and Nosal adopt the baseline BKK model and embed their model of mar-

keting into this basic structure. Their model generates, low measured volatility ratio

that is consistent with high assumed long-run elasticity σ, and high measured long-

run elasticity. At the same time, quantities behave exactly as in the standard model

with low elasticity of substitution.

[to be completed]

2.8 Other Extensions

Exotic Elasticities

[to be completed]
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Non-tradable Goods

[to be completed]

Home Production

[to be completed]

Durable Consumption

[to be completed]

Habit formation

[to be completed]
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Table 2.6: Comparison of Models with Data.

Models

Model 1 Model 1 Model 2 Model 2

with Low with High with Low with High

Statistic Data Elasticity Elasticity Elasticity Elasticity

International Prices
A. Correlations

px, pm 0.75 -1.00 -1.00 -1.00 -1.00

px, x 0.46 -1.00 -1.00 -1.00 -1.00

pm, x 0.69 1.00 1.00 1.00 1.00

p, x 0.61 1.00 1.00 1.00 1.00

B. Standard deviation

x 3.60 0.52 0.15 1.12 0.18

- Relative to x

px 0.37 0.17 0.17 0.17 0.17

pm 0.61 1.17 1.17 1.17 1.17

p 0.27 1.33 1.33 1.33 1.33

Quantities
A. Correlations

- Domestic with foreign

Solow Res. 0.30 0.26 0.26 n.a. n.a.

GDP 0.40 0.34 -0.02 0.36 0.36

Consumption 0.25 0.37 0.74 0.69 0.99

Employment 0.21 0.55 -0.34 n.a n.a

Investment 0.23 0.24 -0.46 n.a. n.a.

- GDP with

Consumption 0.83 0.95 0.86 0.98 0.86

Employment 0.85 0.94 0.97 n.a. n.a.

Investment 0.93 0.64 0.47 n.a. n.a.

Net exports -0.49 -0.57 -0.08 -0.57 0.57

- Terms of trade with

Net exports -0.17 -0.83 0.85 -1.00 1.00

B. Standard deviations

GDP 1.33 0.87 1.01 0.80 0.80

- Relative to GDP∗∗

Consumption 0.74 0.45 0.34 0.89 0.81

Investment 2.79 3.03 3.97 n.a. n.a.

Employment 0.81 0.37 0.48 n.a. n.a.

Net exports 0.29 0.13 0.40 0.02 0.47

Statistics based on logged and Hodrick-Prescott filtered time series (with λ = 1600). Data column refers to US
data for the time period 1980:1-2004:1.
∗Ratio of corresponding standard deviation to the standard deviation of x.
∗∗Ratio of corresponding standard deviation to the standard deviation of GDP .
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